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3AT'AJIBHA XAPAKTEPUCTUKA POBOTH

AxkTtyaabHicTh TemMH. Ha cydacHoMy erami iHTepec 10 e€(EeKTUBHOTO
pO3B's13aHHA 337a4 po3MileHHs TpuBUMIpHUX (3D) 00’ €kTiB cTpiMKO 3pocTae. Lle
MOSICHIOETHC ST HAA3BUYANHOIO CKJIAIHICTIO METO/IIB IXHHOTO PO3B'sI3aHHS Ta IUPOKUM
CIIEKTPOM MPAKTHYHUX 3aCTOCYBaHb, Y TOMY YHCIIi B TAKUX BOKIUBHUX TaTy35X HAYKU
Ta TEXHIKM. aJUTUBHI TEXHOJOTH (PO3MIIIEHHS JEKUIbKOX Mojened 13
3a0€3MEUYEHHAM IIUIBHOTO 3allOBHEHHS YChOro o00'emy po6ouoi kamepu 3D
NPHUHTEPA, [0 BUKOPHUCTOBYE SLS TEXHOJIOTIIO): MPOMHKCIIOBI TeXHOJIOTIi (yrakoBKa
MIPOMHCIIOBUX MaTepialiB; 3aaadl MaKyBaHHS B HAHOTEXHOJIOTIAIX I dYac
MO/IECTIFOBAHHSI MIKPOCTPYKTYpPH MarepiajiiB); aepOKOCMIYHA Taly3b (KOMIIOHYBAHHSI
npuwiafiB Ta OOJIaAHAHHS; MOJEIIOBAHHA  CTPYKTYp PpAKETHUX [MaUB);
MaTepiao3HaBCTBO (TaKyBaHHS TPaHY Ta iX YIIUTbHEHHS; B3a€MO/Ii YaCTHHOK MDK
c00010; MOJEIIOBAaHHS CTPYKTYp O€TOHY, MICKYy, BYTUUIA, MOPUCTUX BUOYXOBUX
pEUOBMH Ta TBEpAMX MarepiaiiB); XIMIMHA MPOMUCIOBICTh  (TaKyBaHHs
KaTajIi3aropis; MOJICIIOBaHHs a0CcopOIIii ra3y); TOCIKEHHS 3 OXOPOHHU JOBKULIA Ta
HesJICpHAa CHepreTuka (PO3MIMICHHS OO0'€KTIB y 30HaxX IMABHUINCHOTO PH3UKY);
JTOCTIIKEHHS 3 EHEPTETUKHU (PO3MIIICHHS MOBITPSIHUX EHEPTETUYHUX YCTAHOBOK).

OcTanHi I'ATh POKIB y 3apyOuKHIN JITepaTypi 3'ABISAIOTHCS MyOJTIKaLlil, B IKUX
pPO3TIIAIOTECS TMPAKTUYHI 3ajadi, M0 3BOJATHCSA JO ONTHUMBAIIHHUX 3a7ad
YIIAaKOBKH TPUBUMIPHHUX 00'€KTIB, IO alpOKCHUMOBaHI OararorpaHHuKaMH 3 Harepe
3a1aHOI0 TOYHICTIO. OckutbKU 3amadi € NP-ckmagaumu, mim dac ixX po3B’si3aHHS
3a3BUYail BUKOPUCTOBYIOTHCSI €BPUCTUYHI METOAU. JlesiKi JOCIITHUKY IPOTIOHYIOTh
MiIXOAW HAa OCHOBI MaTeMaTHYHOTO MOJCMIOBAHHS 1 3arajJlbHUX TMPOIETYp
ontumBaiii. OgHak, K IPaBUIIO, PO3TIIIAI0THCS OPIEHTOBAH1 OararorpanHuky (a6 o
J03BOJIAIOTHCS JIUIIE JUCKPETHI MOBOPOTHU OaraTorpaHHUKIB), @ B SIKOCTI KOHTEHHEpa
BUKOPHUCTOBYIOTbCS KyOoiau. KpiM Toro, IicHyroui MareMaTHyHI MOJIE€Nl He
BPaxOBYIOTh BAXIMBI JJIs1 PAKTUKU OOMEXEHHS Ha MIHIMAJIbHO JOMYCTHUMI BiICTaH1
MDK 00’ €KTaMH Ta 0OMEKEHHS OaJlaiCy.

VY 3B'SI3Ky 3 IIUM HAayKOBOT'O Ta MPAKTUYHOTO 3HAa4YeHHs HaOyBae mpoObiema
CTBOPEHHSl  IHTEJIEKTyalbHMX  1H(OpPMAIIMHUX  TEXHOJIOTIA  PO3B'A3aHHs
ONTUMBBAIINHUX 3a7a4 YHMaKOBKH HEOMYKJIMX OararorpaHHUKIB, IO JIOMYCKalOTh
HemepepBHI oOepTaHHSA 1 TPaHCIHAI, 3 ypaxXyBaHHSAM MIHIMAIbHO JOITYCTHMHX
BiZICTaHEl Ta OOMEXEHb OanaHCy, B JOBUIbHI OMYKJIl KOHTEHMHEPU MIHIMAIbHOTO
00'eMy, mo mnoTpedye pO3pPOOKU: KOHCTPYKTUBHMX 3aCO0IB MaTeMaTU4YHOTO 1
KOMIT'FOTEPHOTO MOJIENIIOBaHHSI OOMEXKEHb PO3MIICHHS; HOBUX MaTeMaTHUYHUX
MOJIeTIC Yy BUIJLIAI 3a7a4 HEMHIHHOTO TpoTrpamMyBaHHS; €(PEKTMBHUX METOJIIB
MOIIYKY JOMYCTUMHUX Ta JIOKAJHbHO ONTUMAILHUX PO3B’S3KIB 13 3aCTOCYBaHHSIM
cydacanx NLP-conBepiB (mporpamHOro 3a0e3redeHHsl ISl pO3B’s3aHHS 3a/1ad
HEJIHITHOTO TPOTpaMyBaHHS).

3’5130k po0O0THM 3 HAYKOBMMH TMporpaMamMu, IUIaHAMH, TeMaMHU.
Huceprauiiina podota BukoHaHa B mnepioa 3 2015 p. mo 2018 p. y Bigaun
MaTeMaTUYHOTO MOJICITIOBAHHS 1 ONTUMAJIbHOTO MPOEKTYBaHHS [HCTUTYTY TipoOieM
ManmHoOynyBanHs M. A.M. Ilinropuoro HAH Vkpainu BinmoBimHO A0 TUIaHIB
HAyKOBO-TEXHIYHUX POOIT 3 aepkOromKeTHHX TeM «CTBOpPEHHS IHTENEKTyallbHUX
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iHQOpMaIIHHUX TEXHOJIOTIA PO3B’SA3aHHSA ONTUMIBALIMHUX 3a7ad PO3MIIICHHS
00'€KTIB IOBUILHHX HpocTOopoBuX Gopm» (2012—-2016 pp. Ne JIP 0112U002488),
«Po3pobka MaremMaTMUYHHUX MOJENed Ta KOMIT'IOTEPHUX TEXHOJIOTIH pO3B'si3aHHS
ONTUMBAIIMHUX 3aa4 KOMIIOHYBaHHs TpuBUMIpHHX 00'ektiBy (2017-2018 pp.
Ne TP 0117U000877), B sxux 3m00yBay OyB OAHKM i3 CITIBBUKOHABIIIB.

Meta Ta 3aaa4i aociaizxenHs. Mera po6oTH — miABUIICHHS €)EKTUBHOCTI
pPO3B'sI3aHHA ~ ONTUMBBAIIMHUX  3a7ad  ONTUMAJIbHOI  YIMAKOBKH  JIOBUIBHHUX
0araTorpaHHUKIB HUIIXOM PO3POOKM KOHCTPYKTUBHUX 3aCO0IB MareMaTH4HOIO 1
KOMITIOTEPHOTO MO/ICTIOBAHHS, HOBHX MaTeMAaTUYHUX MOJENeH Ta ePEeKTUBHUX
METOJIB JIOKAIbHOT ONITUMI3allii 13 3acTocyBaHHIM cydacHuXx NLP-conBepis.

JI71st ToCSITHEHHS 11i€1 METH MOCTaBJICH] Takl HAyKOBI 3aa4i:

— chopmymroBaTH 3aaqy ONTUMAIILHOT YIIaKOBKH HeONYKIUX
baeamoepannuxic (OPP — Optimal Polytopes Packing) y onykiomy xommeiinepi,
T'PaHUIl SKOTO (POPMYETHCS 3a JOTIOMOTOFO C(HDEPUIHUX, IITHAPUIHUX, SN THIHUX
MMOBEPXOHb Ta IUIOIIMHHU, 3 ypaxXyBaHHSIM MIHIMAIbHO OONYCMUMUX 8i0CmAaHel Ta
obmedxcenns banancy (GIOXUNEHHS YeHMPa MAC cucmemu 8i0 3a0aHol mouKuL).

— po3poOuTH 3ac00M MaTEMATUYHOTO MOICITIOBAHHS 0OMENHCEHb PO3MIUeHHS
(HemiepeTnH OaraToTpaHHUKIB Ta iX BKIIOYEHHS B KOHTEHHEpP 3 ypaxyBaHHSIM
MIHIMAIbHO JOMYCTUMHUX BIICTAaHECH) 3 BUKOPUCTAHHAM MeToay Phi-QyHKILiH.
DopManiByBaTH 00MeHCeHHs OANAHC) .

— mnoOyayBaTd wmareMarudHy wojenb 3agadi OPP  y Burmsimi 3amaui
HeNiHIHOTO TporpamyBaHHs. [loOynyBaTy 0CHOBHI peaizallii MaTeMaTUYHOT MOJIei
3amgadl OPP 3anexHo Bim opMH KOHTEHHEpA (npsamuil Kpyeosuil yuaiHop, Ky0oio,
KV, ONYKIUU 0a2amocpauHux, enincoio), oOMeXeHb Ha MIHIMAJIBLHO JOIYCTHMI
BincTani (He 3a0ami, 3a0aHi MidC KOJNCHOW NApolo 6a2amoepaHHuKie, 3a0aHi Midc
bacamoepanHuxamu i OOK0B0I0 NOBEPXHEl0 KOHmelnepa), BUTISAY (QyHKI 1t
(Mempuuni xapaxmepucmuxu konmeinepa).

— po3pobutu cTparerito po3B’ s3anus 3a1a491i OPP Ha ocHOBI 0coOMMBOCTEH 11
MaTeMaTU4YHOI MOIEI.

—  PpO3pOOUTH METOJW TONIYKY MOMYCTUMHUX Ta JIOKATHHO ONTHUMAIbHUX
PO3B’SI3KIB Il OCHOBHUX peani3aiiii 3agaui OPP.

— CTBOPHUTHU IIPOrpaMHe 3a0€3MeUECHHS 111 PO3B’ sI3aHHS OCHOBHUX peali3aiiii
3agaqi OPP.

O6’ckm  OocniddcenHss — TIPOLEC ONTUMI3AL  YNAKOBKH  HEOMYKJIMX
0araTorpaHHUKIB B KOHTEHHEPI 3 ypaxyBaHHIM 0OMedceHb 0anancy Ta 0OMedceHb
PO3MiujenHs, BKITIOUA0UH MIHIMATLHO JOMYCTHUMI BIICTaHL

Ilpeomem  Oocniosicenns — 3aco0M  MaTEeMaTHYHOTO  MOJIEITIOBAHHS,
MaTeMaTU4Hl MOJEN 1 METOAM PO3B’sA3aHHS 3aJad ONTUMAIbHOI YHaKOBKH
OaraTorpaHHUKIB.

Memoou docnioacennsi. B poOOTI 3aCTOCOBYIOTHCSI aHATITHYHA TEOMETPIT Ta
byHKIIOHANRHUN aHam3 st noOymoBu Phi-byHKii, mceBgoHopManizoBanux phi-
dyHKIiH, kBa3i phi-QpyHKIiH Ta IceBIOHOpMAT30BaHUX KBa3i Phi-yHKIIii; MeToau
T€OMETPUIHOTO MPOSKTYBAHHS JIJIsl TOOYI0BU MaTeMaTUIHUX MOJIeJIel Ta pO3POOKH
METO/IIB TOMIYKY JOMYyCTUMHX CTAPTOBHX TOYOK 1 METOJIB JIOKAIbHOI ONTHUMI3AILii
st 3anaqi OPP.
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HaykoBa HOBH3HA O TPUMAHUX Pe3YJIbTATIB MOJSITAE Y TAKOMY:

a) HaOyB TOJAJIBIIOTO PO3BUTKY MeTo 1 Phi-hyHkiii: Brepie nodymxosani phi-
Qyukyii, ncesooHopmanizosani  phi-gyuxkyii, keaszi  phi-pynxyii  ma
NnCeBOOHOPMAanizoeati Keasi phi-yuxkyii 1K 3aCO0M MaTEMaTUYHOT'O MOJICTIOBAHHS
oomedcenv posmiwenns ang 3agadi OPP, mo m03Bojsie omucaTd B aHATITHIHOMY
BUTJISI/IL: HETIEPETUH JOBUILHUX OararorpaHHUKIB; BKJIIOUEHHS OaraTorpaHHUKIB B
ONMYKJIUA  KOTEWHEp; MIHIMAILHO  JOMYyCTAMI BIICTaHI MDK  JOBUIbHUMU
OaraTorpaHHUKaMy Ta MDK OaraTorpaHHUKaMu Ta TPaHMIICIO KOHTEIHEpa;

0) Bmepie moOygoBaHa MaTeMaTHuHa Mozenb 3amadi OPP y Burmsiai 3amadi
HENMHIAHOTO MpOoTrpaMyBaHHS (110 BKJIIOYAE BCI TJI0OATBHO ONTHUMAIBbHI PO3B’S3KH)
IS HEOMYKJIMX OaraTOrpaHHUKIB B OIYKJIOMY KOHTEHHEpi, TpaHUIld SKOTO
(bopMyeThCs 3a TOTMIOMOTO0 CEPUIHUX, MITHAPUIHUX, STNTUIHAX IIOBEPXOHH Ta
IUIOMMHA 3 ypaxyBaHHSAM OOMEXEHb PO3MIIMICHHS Ta OOMEXKEeHb OanaHCy, IIo
7103BOJIsI€ BUKOpUCTOBYBaTH cydacHl NLP-coneepu;

B) BIEpIIC NMOOYJOBaHA MaTeMaTUIHA MOJICIb 3a/1a41 KJIACTeP HT'y HEOMYKIIUX
oararorpannukie (OPC — Optimal Polytopes Clustering) B cdepuuniii, ky0oiaHii Ta
MATHAPWYHIN 00JaCTAX MIHIMATBHOTO 00’ €My, IO JT03BOJISIE TeHEpYyBaTH €K TUBHI
JOTYCTUMI CTapTOB1 TOUKHU JUIS TTOTIYKY JIOKATbHUX eKCTpeMyMiB 3asa4ui OPP;

r) HaOyJIM MOJATBIIOT0 PO3BUTKY METO M PO3B’ sI3aHHS 337124 TCOMETP HIHOTO
NPOEKTYBaHHS: 3allPOTIOHOBaHa cTparerist po3B’si3anHs 3anadi OPP Tta po3pobueni
edeKTUBHI METOJW JUIT OCHOBHUX i1 peam3aiid, SKi Ha BIIMIHY BiI ICHYIOYHX
MIXOIB: BPAXOBYIOTh OJTHOUACHO HenepepeHi mpaHciayii Ta obepmarusa 00’ €KTIB,
MIHIMAIbHO 0ONycmumi 8I0CMAaHi 1 0OMediceH s 6anaHcy; N03BOJIIOTh OTPUMYBATH
JIOKaJbHO ONTUMAaJbHI po3B’a3ku s 3anau OPP, mo € kpamummu 3a 3HaY€HHSIM
1Ip0BO1 GyHKIil (mopiBHsHO 3 benchmark instances — BigomMumu 0myOIIKOBaHUMU
pe3yJbTaTaMmHm).

IIpakTHyHe 3HA4YEHHS OJep:KAHUX pe3yabTaTiB. HaykoBi pe3ymbraTw
AUCepTaIiiftHOT PoOOTH € MOAAIBIINM PO3BUTKOM MaTEMaTUYHOTO MOJCITIOBAaHHS 1
OOYHUCITIOBAILHUX METOJIB B TEOMETPUYHOMY TIPOCKTYBaHHI: CTBOPEHO HOBI
MaTeMaTU4Hl MOJIeJl Ta po3po0ieHOo e(EeKTUBHI METOAM JJii PO3B’sI3aHHS
ONTUMBALIMHUX 3a/1a4 YIAaKOBKHU JTOBUILHUX OararorpaHHUKIB, 10 MAIOTh IIAPOKHUI
CIIEKTpP 3aCTOCYBaHb B MPIOPUTETHUX OOJACTAX HAYKW 1 TEXHIKA (BKIIIOYAIOUU
QIUTHBHI TEXHOJIOTil, KOCMIYHY IH)KEHEPIFO, MaTepialo3HAaBCTBO, JIOTICTHKY,
MIHEpPAJIOTi0, MEAUINHY, HAHOTEXHOJIOT1, pOOOTOTEXHIKY, CUCTEMH PO3MI3HABAHHS
oOpa3iB, aBiaOyyBaHHsI, MAIIMHOO Y TyBaHHS) .

CBiTOBHIi piBeHb CTBOPEHHX 3acO0IB MAaTEeMaTWYHOTO MOJCTIOBAHHS Ta
e¢EeKTUBHICTh  3aMpPOMOHOBAHUX  METOJIB  IMIATBEPKYETHCS  HAWKPAIIUMH
pe3yibTaraMu OOYMCIIOBAIBHUX EKCIIEPUMEHTIB, MOPIBHAHO 13 3apyODKHUMHU
aHAJIOTaMH.

Po3poOnenuii mnporpamMHUid MOJIyJb ONTUMI3AIlll YMIAKOBKH JOBUIBHHUX
HEOPIEHTOBAHMX OaraTrorpaHHUKIB 3aCTOCOBYEThCS Ha Kadeapl «IIPHUKIATHOTO
MaTtepiaio3HaBcTBa Ta OOpoOku MatepianiBy HalioHanbHOro  yHIBEPCUTETY
«JIpBIBCHhKA TMOJITEXHIKa» I PO3B’SI3aHHA 337a4i ONTUMAILHOTO 3arlOBHEHHS
3a/1aHOT0 00’ €My YacTMHKaMH# Hec pepruaHoi hopMmu.
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Otpumano mmcrta miaTpuMmkua Bim (G. Fasan0 — mpoBiTHOrO BYCHOTO Ta
crieriaicta B 00JlacTl MaTreMaTHYHOTO MOJJEIOBAHHA Ta OITHUMI3aIil CHCTEM
(systems modeling and optimization) espomneticbkoi kommanii « Thales Alenia Space»
(https://mww.thalesgroup.com/en), B sKoMy 3a3Ha4eHO BaXKIMBICTb OTPUMAHUX B
pOOOTI pe3ynbTaTIB I PO3B’A3aHHS ONTUMIBAIIMHUX 33724 KOMIIOHOBKH B TalTy3l
PaKEeTHO-KOCMIYHOT'O MAIIMHOO Y/ TyBaHHS.

3anponoHoBaHi B poOOTI 3aco0u, MoOJeNl, METOAM Ta MPOTPaMHI MOIYJI
BukopuctoBytoThcsi B TOB «Cloud Works» nns po3B’s3anHs 3aad onTHMI3altii
nporiecy 3D-npyKy, 0 BUKOPUCTOBYE SLS TEXHOJIOTIIO, a TaKOX JJIsI PO3B’ A3aHHS
3a1a4 ONTHUMAIBHOTO TAKyBaHHS BaHTAaXIB y JOBUILHUX KOHTEHHEpax y ramysi
JIOTICTHKH.

3anpomoHOBaHI 3acO0M  MareMaruyHOro MojemoBanHs 3agad  OPP
BIPOBAKCHI B HaBUAJLHUU TPOIEC Y XapKIBCbKOMY HAIIOHATBbHOMY YHIBEp CUTETI
PATIOCNIEKTPOHIKM B Kypcax: «MareMatndyHe Ta KOMIT FOTEpHE MOJICITIOBAaHHS B
cucTeMax MATPUMKHU IPUIHATTS pillieHb», « Mo IeMoBaHHs TeOMETPUUHHUX 00 EKTIBY .

OcobucTuii BHecok 3700yBaya. VYcl OCHOBHI HAayKOBl pe3yJbTaTu
AucepTaliitHol poOOTH OTpHUMaHi O0COOMCTO aBTOpPOM. Y poOOTax, HAMMCAHUX B
CIIBABTOPCTBI, JUCEPTAHTOBI HajleXaTh Taki pe3ynbratu: [1, 6, 8, 12, 13, 20] — kBasi
phi-pyHknii 1 nceBmoHOpMami3oBaHi KBa3di  phi-QyHKIN Ui HEOMYKJIMX
OaraTorpaHHUKIB, 10 JONYCKAIOTh HENepepBHI obepTanHs; [2, 4, 5, 7, 8, 15-20] —
NLP marematrdsi MOJIeNI 3a/1a4 YITAKOBKH HEOIMYyKIMX OararorpaHHUKIB B OMYKIIAX
KOHTEWHEpax i3 ypaxyBaHHAM oOMexeHb Oanmancy; [3, 5, 6] — NLP moxens 3amaui
KJIAQCTEPUHTy TMapu HEOMyKJIMX OararorpaHHUKIB B cdepuuHiid, KyOOinHId Ta
IWIHAPUYHIA 00JacTIX MiHiMambHOTO 00’ eMy; [9-11, 14] — NLP mogemni; meron
O3B’ I3aHHS, 10 BKIFOYAE AITOPUTM TTOOYI0BU JJOMTYCTUMOT CTAPTOBOT TOUKH,, METOI
JEKOMIO3MUIIi JJIsI 3aJad YINaKOBKUA JIOBUIbHUX OaraTOTpaHHUKIB; Ppe3yJIbTaTh
YUCJIOBUX EKCIIEPUMEHTIB /i 3anaui OPP y KOHTeiHepax, 0 MarTh GopMy Ky,
napanenerninesaa, IIHHApPa, OMyKIoro OaraTorpaHHUKa, eNincoifa, Omykiol 00acTi,
YTBOPEHO1 MEPETUHOM JIBOX KYJIb.

AnpobGaunia pe3dyabtatiB aucepramii. OCHOBHI pe3ylbTaTd pPoOOTHU
JOTOBIIAINCH 1 OTPUMAIIM CXBAJCHHS HAa MDKHapOJHUX KOH(EPEHISIX 1 HAyKOBUX
ceMiHapax: KoH(epeHIii wMosogux yueHnx 1 QaxiBuiB «CydacHi mpoOiaeMu
MammmHOOyyBanHsa» I[[IMam iMm. A M. Ilinropaoro HAH Vkpaiam (Xapkis,
VYkpaina, 2015, 2016, 2018 pp.); 5-ii MDKHapOJHIA HayKOBIA KOHQepeHIi
«MaremMarnyHe MoJiefItoBaHHs, onTumMizailis 1 iHpopmartiiini Texnosorii» (KummHis,
Monnosa, 2016 p.); b5-ifi MbKHapOAHIH HAyKOBO-TEXHIUHIH  KOH(DEpeHIIil
«Iadopwmartiitai cuctemu 1 Texnomorii» (Kobnero, Ykpaina, 2016 p.); MbKHAPOTHIHA
HAYKOBO-TIPAaKTUYHIA KoH(pepeHui «lHdopMmariiini TEXHOJOTH 1 KOMII'IOTEpHE
MozemoBaHHs» (IBano-OpankiBehk — Apemua, Ykpaina, 2016 p.); X1 mbkaapoaHil
HAYKOBO-TIpaKTUYHIA KoH(pepeHtii «Marematnune Ta mporpamHe 3abe3medeHHs
IHTeNeKTyaTbHUX cucTem» ([{HimponerpoBchk, Ykpaina, 2016 p.); XIII mbxHapoHINA
HAYKOBO-TIPAaKTUYHIA KOoH(epeHiii «TeopeTnyHi 1 NpuUKIaAHI acleKkTd MoOya0BU
nporpamMuux cuctem» (KuiB, Ykpaina, 2016 poky); 7-11 MbkHapoIHIM KOH(epeHii
«Jlomarox HOpMAIIITHUX 1 KOMYHIKAIIIHHUX TEXHOJIOTIH 1 CTATUCTUKY B €KOHOMIIT 1
oceity (Codiss, bomrapis, 2017 p.); MDKHaApOJAHOMY MOJIOADKHOMY (Gopymi
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«Pamioenekrponika 1 mosioar B XXI ctomrty (XapkiB, Ykpaina, 2017 p.); XXX
MDKHapoaHiH  KoH(pepeHmii  «IIpoOmemu  yxBajeHHS  pimieHb B yMOBax
HeBu3HaueHocT» (Bubnioc, JlutBa, 2017 p.); 14-if mibxHaponHii KoH(epeHIi
«ESICUP meeting» (JIbex, benbria, 2017 p.); 15-ii MpkHapoaHii KoHdepeHLi
«ESICUP meeting» (3otepmeep, Himepanamu, 2018 p.); ceminapax XapKiBCHKOi
cekiii HaykoBoi pamu 3 ipoonemu «KidepHeTuka» (Xapkis, Ykpaina, 2017, 2018 pp.);
ceMiHapi BIIAUTY METOJIIB HETJIJAK0i onTuMizaiii, [HcTuTYyTY KibepHEeTHKH M. B.M.
['mymxoBa HAH Vkpainu (Kuis, Ykpaina, 2018 p.).

Ily6aikanii. 3a Temoro aucepTarii omyomikoBani 20 HayKoB1 poOOTH, Y TOMY
yycii 6 crateld B HAYKOBUX CIIEIIATI30BAaHUX BHUJAHHSIX, SIKI BXOJASTH JI0 MEPETIKy
JTAK MOH Vxkpainu (3 Hux 2 — g0 Haykomerpuunoi 6azu SCOPUS) Ta 2 HaykoBi
CTaTTl y TEXHIMHUX BHJIAHHIX YKpainu; 12 Te3 nomoBimeldd Ha MDKHApPOIHHUX
HAYKOBHUX KOH(epeHIIIsX.

CTpykTypa Ta oOcsAr aucepramii. JucepTauis MICTUTh BCTYH, 5 PO3ALTIB,
BHCHOBKH 110 po0oTi, 4 1oAaTKu, 62 pUCYHKH, 2 TaOJHUIll Ta CIIMCOK BUKOPHUCTAHUX
mxepen 31 211 nalimenyBanb Ha 22 ctopiHkax. [loBHuI 0OcAr nucepTallii CTAaHOBUTD
228 cTOpiHOK, 3 HUX 145 CTOPIHOK OCHOBHOTO TEKCTY.

OCHOBHMUI 3MICT POBOTH

VY BcTyImi 00IpyHTOBaHA aKTyallbHICTh TEMU JHCEpTalii, chopMyIbOBaH1 METa
1 3amadl JOCHKEHHS, BKa3yeThCsl OO0’ €KT, MpeaMeT 1 METOAW JIOCIHIIKEHHS,
BH3HAYAETHCS HAyKOBAa HOBM3HA 1 NMIPAKTHYHA 3HAYYIIICTh OTPUMAHUX PE3YJbTaTiB,
HaBEJICHO BITOMOCTI MPO MyOJiKaIli 3a TEMOK JHUCEpTaIiiHOT poOOTH 1 ampoobarrito
pPEe3yJbTaTIB TOCIIKEHHS.

Iepumii po3ain quceprallii MICTUTH OTJISI POOIT, IPUCBIYCHUX MPAKTHIHUM
3aCTOCYBaHHAM YMakoBKH 3D 00’€KkTiB B CydyacHHMX OOJIACTIX HAYKH Ta TEXHIKH,
30KpeMa B QJUTHBHUX TEXHOJIOTIAX, MaTepialO3HABCTBI, JIOTICTHIl, KOCMIYHOMY
MalMHOOYyTyBaHH1 Ta OPTONEIUYHIN XIPYPTii.

HaykoBoro Ta mnpakTHuHOrO 3Ha4YeHHsS HaOyBae mpoOiieMa CTBOPEHHS
IHTEIEKTYATbHUX H(GOPMAIIMHNX TEXHOJOTIA PO3B'sS3aHHS ONTUMIBALIMHUX 33134
ynakoBkU 3D 00’€KTIB HAa OCHOBI KOHCTPYKTHBHUX 3acO0IB MaTeMaTHUyHOIO Ta
KOMIT'IOTEPHOTO MOJEIIIOBaHHS, CYYaCHUX METOJIB ONTUMI3allii, L0 JIETKO
aIanTyIThCS I KOHKPETHUX TEXHOJOTTIHHX Tpo1ieciB. CTBOPEHHIO KOMIT IOTEPHHIX
TEXHOJIOTI B 00JacTi onTUMBBaIli, CHUCTEMHOTO aHaI3y 1 MaTeMaTHYHOTO
MOJICTIIOBAHHS, MAaTeMaTU4YHOI KIOEpHETHKH, OOYMCIIIOBAIbHOI ~MaTeMAaTUKH,
MaTeMatndHoTO 3a0e3meueHHss EOM 1 aBTOMaTM30BaHMX CHUCTEM KEpyBaHHS Ta
00pOOKHM [aHWX, INTYYHOTO IHTEJCKTY MPHUCBAYCHI POOOTH OararboX BITOMHX
ykpaiHChbKkuX BueHuX, 30kpema [.B. Ceprienka, C.I Jlsmxka, A.l IlleBueHka,
€.M. KucenmvoBoi, FO.B. Kpaka, JI.®. I'ynsguunpkoro, ILI. Cremtoka, B.IL. Iluna,
P.I1. bazunesuua, I1.1. bimroka.

Mixunapoana oprauizamis ESICUP (http://paginas.fe.up.pt/~esicup/) moeanye
MPOBITHUX YUEHUX CBITY, SIKI JOCIKYIOTh METOIH PO3B'sI3aHHsI 3a/1a4 NTaKyBaHHsI Ta
po3kporo. Cepen nux Bennell J., Kendall G. (Bemuka Bpwuranis), Pinter J. (CIIIA),
OliveiraJ., Gomes M.  (Tlopryramst), Birgin E.  (bpaswmis), Wascher G.,
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Scheithauer G., Bortfeldt A. (Himewuwna), Fasano G. (Itamis), Alvarez-Valdes R.
(Icmanist), Hifi M. (®panmist), Imahori S. (Smownis), Egeblad J., Pisinger D. ([lanis),
Ikonen I. (®irnsamist), S.X. Li, J. Zhao (KuTait).

Y po3ainl HaBeAEHO OIJISIA JKEpeN JITeparypu, SKI MPUCBSYEHI 3ajadyaM
ONTHUMANbHOT YIAKOBKH TPUBHMIPHUX OO0’ €KTIB, CTHCJIO BHKIAJAETHCSI MeTa
myOJTiKariid, 0coOIMBOCTI3aMPONOHOBAHNX MOJIEIICH Ta AJITOPUTMIB.

AHai3 HAyKOBOI JTEpaTypu 3a TEMOIO JAUCEpTallii MOKa3aB, 10 Y OUIHIIIOCTI
poOIT OaraTorpaHHUKHU NEPEBAKHO € OMYKIMMH, A0 TOTO K MOBOPOTHU PO3MILILYBaHUX
OararorpaHHuKiB a00 HE JO3BOJIIIOTHCSA, a00 MOXKYTh OyTH 3IIMCHEHI TUIBKH 3
MEBHUM JIUCKPETHUM KPOKOM. SIK KOHTEWHEpH pO3IIANAIOTHCSA, SK MPaBUIIO,
KyOoinu. Merooorii po3B’ si3aHHs 3a3BUYail BUKOPUCTOBYIOTh €BPUCTHKHU.

Cmp 3a3HauuTH, W00 OCTaHHI N'ATh POKIB Yy 3apyOLKHIM Jireparypi
3'SIBJISTFOTHCS IMMyOJTIKAITl, B SKUX PO3TJIAAI0THCS IPAKTUIHI 3a4a41, 10 3BOJISITHCS 10
ONTUMIBAIIIMHUX 337a4 yIaKOBKU JoBUIbHUX Oaratorpanuukis (3D irregular packing
problems), cepen skux cnmin 3azHaumtd pobotr Martinez A. (2016), Fasano G.
(2015), Korte A.C.G. (2013), Liu X. (2015), Smeets B. (2015), Bepxotyposa M.A.
(2014), Luiz J.P. Araujo (2018).

Haitmenm  gocnimkeHUMH € 3adadl  YIAKOBKH JIOBUIBHHUX HEOITYKIIHX
OaraTorpaHHUKIB B OMNyKIMX KOHTEHHepax, sKi pa3oM 3 HENepepBHUMU
TPAHCISAIAMH JOMYCKAIOTh HEMepepBHI MOBOPOTH OararorpaHHUKIB, BPaXxOBYIOTh
MIHIMAJIbHO JOIYCTHMI BIICTaHI Ta 0OMEKEHHS OajIaHCy.

V¥ pamkax HaykoBoi mkosu FO. I'. CtosiHa po3po0Oi11l 3ac00IB MaTEMaTUYHOTO
MO/ICTTFOBaHHSI, MATEMAaTUYHHUX MOJIEIEH Ta METO B pO3B’ SI3aHHS 33]1a4 YIIAKOBKH Ta
PO3KPOI0 TPHUCBSIYEHO PoOOTH Oarathox #oro ydHiB, y tomy umciai M. L. T,
B. M Kowmsik, C. 4. fxosneBa, O. O. €Emma, M. B. HoBoxwusosoi, T. €. Pomanosoi,
O. B. Ilankparoga, I. B. I'pedennika, B. M. Tlanyka, I'. M. fIcbkoBa, A. M. Uyras.

OnTumBamiiHUM 3aJadyaM YHNAaKOBKM OararoOKyTHHKIB Ta OaraTorpaHHUKIB
npucssiaero myouikarii F0. I'. Crosna, M. 1. I'ita, B. M. Komsk, M. B. HoBoxuioBoi,
T. €. Pomanogoi, O. B. [lankparosa, A. M Uyras, O.B. Kapramosa, M.B. 3noTHuka.

B ocHoOBi gociimkenb € meroj phi-pyHKIA, skuil € HaOUIbII MOTYXHUM
3ac000M aHATITUYHOTO MOAEIIIOBAHHS BTHOILIEHh TEOMETPUYHUX 00'€KTIB, OCKUIbKH
e MEeTOoJ JA03BOJISIE OMUCYBATH ONTUMI3AlIMHI 3a/1a4l yIaKOBKHU Yy BUTIISI 3a7a4
HEeMHIMHOTO TporpamyBaHHsA. Ha mei wac moOymoBani phi-QyHKINH 15 JESIKUX
npocTtopoBux (opMm opieHToBaHUX 3D 00'ekTiB Ta KBa3l phi-PyHKUI A JEIKUX
npoctopoBux ¢opMm HeopieHToBaHux 3D oO'extiB. OpHak, nOOymyBaTu
HOpMaJi30BaHi  (IICEBAOHOpMaNi3oBaHl) phi-pyHKIii HaBITh U1 OMYKJIUX
HEOPIEHTOBAHUX OAraTorpaHHUKIB HE BAATIOCS.

Cnin 3a3Ha4uTH, 0 YHUCJO 3MIHHMX B ICHYIOUMX MaTeMaTHYHUX MOJEJSX
ONTUMBALIMHUX 33/1ad YIaKOBKH, SIK MPABUJIO, HACTUILKU BEJIMKE, IO YCKIIATHIOE (a
1HO/1 pOOUTH HEMOKJIMBUM ) Oe3mocepeaHe BUKopuctanusa cydacHux NLP-conBepis.

ToMy BuHHKae HEOOXITHICTh: B CTBOPEHHI HOBHX 3aC00IB MaTeMaTUYHOTO Ta
KOMIT'IOTEPHOTO MOJIEIIFOBaHHSI 00OMEXEHb PO3MILLIEHHS TOBUIbHUX 0ararorpaHHUKIB,
IO JTOMYCKAIOTh HEMEepPEepBHI TPAHCIIAILI 1 TOBOPOTH (3 BUKOPHCTAaHHAM KBa3i phi-
GyHKI 1 TCeBIOHOPMATi30BaHMX KBa3i phi-QyHKIiH); B MOOYIOBI TOYHOI
MaTeMaTUYHO1 MOJIeNl, sIKa BpaxoOBye€ MIHIMAIbHO JOMYCTUMI BIICTaHI MDK
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00’exktamu Ta oOMexeHHs Oanancy (y BUIJIAI 3a/1a4l HEJHIHHOTO MpOrpaMyBaHHS,
001acTh JIOMYCTHUMHX PO3B'A3KIB SKOi OMHCYETbCS CUCTEMOIO HEPIBHOCTEH 3
rIaAKUMU (QYHKIIIMHU); B PO3p0oOIl epeKTUBHUX METO/AIB PO3B’SI3aHHS 3 OLIHKOIO
CKJIQJIHOCTI, 1O € JIHIAHOIO J0 KUIbKOCTI OararorpaHHUKIB.

Y apyromy po3aiai nuceprartii (OpMYITIOIOTHCS OCHOBHI TOJIOKEHHS (B
paMKax Teopii TEOMETPUYHOTO TPOEKTYyBaHHS), HEOOXImHI s MOOYyI0BH
KOHCTPYKTUBHUX 3aCO0IB MAaTeMAaTUYHOTO 1 KOMITIOTEPHOTO MO/ICITIOBAHHS
BIIHOIICHb MDK T€OMETPUYHMMH O00'€éKTaMH, 10 BHUHUKAIOTH B 3ajadax
ONTHUMAIBHOTO PO3MIIMICHHS JOBUTLHHX phi-00'ekTiB (30KpemMa, OaraTorpaHHUKIB).
Posrnsparorbcss monATTS phi-QyHKIN, MceBaoHOpManizoBaHoi phi-dbyHKIN, KBasi
phi-pyHkmii Ta nceBqoHOpMaNi3oBaHOT KBa3i phi-QyHKIIil, HABOASATHCS X OCHOBHI
BJIacTUBOCTL. OOIPYHTOBYETHCS HEOOXITHICTh NOOYAOBU PI3HUX KiIACIB phi-hyHKIH
1 xBa3i phi-pynkmii, HEOOXITHMX IIsI TMOOYIOBH MaTeMaTHYHUX MOJCIEH 3amad
ONTUMAJILHOTO PO3MIILIEHHS JOBUILHUX (OMYKJIUX 1 HEOMYKIIMX) OararorpaHHUKIB 3
ypaxyBaHHSIM OOMEXEHb Ha MIHIMAJILHO JIOMYCTUMI BIICTaHI Ta OOMEXEHb OanaHcy.
Bu3HaualoTbCsl TUNM KOHTEMHEPIB, OMUCYIOThCS OararorpaHHUKH, sIK 00'e€KTu
PO3MIIICHHS, BU3HAYAIOTHCS OOMEKCHHS PO3MIIMICHHS Ta 0amancy. PopMyToeThCs
MMOCTaHOBKA 0a30BO1 3371a41 ONITUMAJILHOI YITAKOBKH JOBUIbHUX OararorpaHHUKIB.

Posrnsimaerhes 3a7a4a yrakoBKY B TaKiid MOCTaHOBIIL

Konmeninepu. Hexaii Q(p)={(x,Y,z,p)e R3: Y(X, Y,z p)>0} BusHauac
OMYKJIUN KOHTEWHEp 31 3MIHHUMU METPUYHHMH XapaKTePUCTHUKAMH [, 3aJaHHi B
cucteMi koopauHat OXYZ, ne W(X, Y, z, p)=min{®;(X, ¥,z p),t=1...,nn}, a
dynkuii Wi (X, Y, z, p) € iudpeperuiiopanumy, t=1,...,Ng .

Posmiwyeani ob'ekmu. 3amano HaOip, B 3aralbHOMY BHUMAJIKY HEOIMYKIIMX
OararorpaHHUKIB @q, gedyn, In={L2...,N}. B Mexax 1poro IOCIiIKEHHS

BBa)KacMo, 110 Mmaca M q KOXKHOTO OararorpaHHuKa Qq BlgoMa.

[lonoxxeHHs Ta oOpiEHTAIlls] KOXXHOTO OaraTorpaHHHMKA Qg BH3HAYAETHCH
BEKTOpOM Uy = (Vq, Gq) HOro 3MIHHMX TMapaMeTpiB  PO3MIIMIEHHS, J¢
Vg :(Xq, Yqr Zq) — BEKTOp TpaHcuwiLi, 6 :(61,62,93) — BEKTOp IapameTpiB
obepTaHHH, 0, 62, 63 — xytu Eitnepa.

bararorpaHHuk, MOBEpHYTMH Ha KyTH ol, Og, eg 1 TpPaHCILOBAHUU Ha
BCKTOP V( , IO3HAYACTHCS YEPE3 Qq (uq):{ Pq € R3: Pg=Vq+M <6q ) pg, pg ng } ,
e Ug= (Vq, B¢q), (@8 BU3HAYAE€ HEMOBEPHYTHUH 1 HETPAHCILOBAHUI OararorpaHHUK
Qg M (Oq) — CTaHAapTHA MATPHILI TOBOPOTY

Oomedxncenns. Mik xoxuoro napoto 6ararorpannukis Qg 1 Qg, q<geldy,

TaKOXK SIK 1 MDK OararorpaHHUKOM Qq, qeJy, Ta TpaHMIECIO KOHTeWHepa Q)

MOXYTb OyTH 3a/1aHi MIHIMAJIbHO JOIyCTHMI BIACTaHl pgq >0 1 pgq>0.
OOmexeHHs po3mitieHHs (arrangement constraints) BKiro4aroTh:
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a) OOMEKEHHs Ha MiHIMaIbHO JqomycTuMi BiicTaHi (distance constraints) mibk
OaraTorpaHHMKaMH Q, Ta Qg4

diSt(Qq(uq)’Qg(ug))qug! g<g E‘JN"HG
dist(Qq(ug), Qg(ug))=_ min  p(a,b);

aqu , ng

abo oOMexeHHs HemepeTuHy (Non-overlapping constraints) (y pasi sKimo oOMeKeHHs
Ha MIHIMAQJILHO JOIMYCTUMI BIICTaHI MDK OararorpaHHUKaMH HE 3aJ1aHl), Y BUTJIA]

intQq(ug)NintQq(ug) =, g<gely;

0) oomexxenHs BrroueHHs (distance containment constraints) 3 ypaxyBanHsM
JTOTYCTUMHUX BICTaHEH

dist(Qq(uq). Q) =pq. dedy, @ =R3\intQ;

ab0 oOMeKeHHs BKJIOUEHHs (containment constraints) (y pasi skmo oOMekeHHs Ha
MIHIMQJILHO JOTYCTUMI BIICTaHI MDK OaraTorpaHHUKOM Ta TPAHUIICIO KOHTEHHEpa He
3aJ1aHl), y BUTJISI1

Qqug) cQeintQquy)NQ =3, gely.

Kpim Toro, MoxxyTh OyTH 3a1aHi oOMexxeHHs Oanancy (equilibrium constraints)
SIK BIIXMIIEHHS LIEHTPa Mac CUCTeMU Q) (koHTeiinep ()(P) 3 ynakoBaHUMH B HbOMY
6ararorpannnkamun Qq(Ug), q€Jy) Bin 3a1an0i ToukH Pg=(Xg, Yo, Zg), WO HE

Ma€ TMEePEBUIIyBATH 33J]JaHOTO IOMMyCTUMOTO 3HAYEHHSI, Y BUTJISAI]

(P, U) =minduy (p, U), 12(P, ), 3P, 1)} 0, (1)
e
ry (P, u) =min{—(Xs — X¢) + AXg, (Xs — Xg) + AXe},
po(p,u) =min{—(ys — Ye) + A¥e, (Ys — Ye) + AYe},
ua(p,u)=min{—(z5 —z,) + Az, (25 — 2o) + AZp},

N N N

Mqiq Z quq Z quq
2. My 2. Mg 2 My
g=1 g=1 g=1

e u=(u1,...,uq,...,uN);
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Xs, ¥s» Zg — KOOpAMHATH LIeHTpa Mac Og CUCTEMH Q) ;
AXg, Ay, AZy — IOTIyCTHMI BIIXUIIEHHA B KOOPJMHAT Xg, Yo, Zg TOUKH P ;
Xq, Yq» Zq — LCHTP Mac Heomykioro bararorpanauka Q o (Ug).

@yukyii yini. Po3rmsgaloTbes pi3HI BUAW (DYHKIN 10T, SKI 3aJ€KaTh BIT
napaMmeTpiB PO3MILICHHS OaraTOrpaHHUKIB 1 3MIHHMX METPUYHHUX XapaKTEPUCTHUK
KOHTeliHepa (2, 30KpeMa, MIHIMalbHUNA 00’€M, MIHIMyM KoeQili€eHTa TOMOTETIi,
MIHIMyM METPHUYHOI XapaKTepHCTHUKHA KOHTEHHEpa.

baszosa s3adaua onmumanvnoi ynaxoexu 6acamoepannuxie (3agaua OPP)
c(hopMyIbOBaHa TAKUM YHHOM:

YrakyBatn 3afaHuii Habip AoBUbHHX OaratorpaHHukiB Qg (Uy) qely,

BCepeaMHi OMykaoro Kourernepa Q(P), 3 ypaxyBaHHSIM MIHIMAIBHO JOITYCTUMHX
BiICTaHEeH 1 0OMexkeHb OanaHcy, Tak, o0 QYHKIlA IUT 10csrana eKCTPEMYMY.

Takox B 11boMy po3aUTl ChOPMYILOBAHO 3a7a9y ONTUMAIILHOTO KIIACTEPUHTY
IOBUIbHUX OaraTorpaHHukiB (3amaua OPC), sk okpemuii Bunaaok 3amadi OPP, sika
MOJIITAE B TOIIYKY MIHIMAIbHOI 0XOIUTIOI0UYO0i 0000HKH (110 Mae hopmy KyOoina,
KyJi a0o IUJTH/Ipa) A Tapy TOBUIbHUX OaraTorpaHHUKIB, IO HE MEPETHHAIOTHCS.

Tperiii po3ain mnpucesueHuii 3acobaM MaTeMaTHYHOTO MOJCITIOBAHHS
oOMexeHb po3MimieHHs B 3a7a4i OPP 3 Bukopuctanusm metony phi-¢hyHKITIH.

JI1st MoJieroBaHHSI 0OMEXKEHb PO3MIIIIEHHS (HEMmepeTuH 00'€KTIB, BKIIFOUCHHS
00'€KTIB B ONMYKIMA KOHTEHHEp, OOMEKEHb Ha MIHIMAJIBHO JOIYCTHMI BiJCTaHI),
noOyaoBaH1 nceBaoHOopManizoBanl phi-QyHKI 1 nmceBgoHOpMani3oBaH1 KBa3i phi-
GyHKIIT 151 HEOMYKIIMX 0ararorpaHHUKIB, @ TaKOX JJI HEOMYyKJIMX OaraTorpaHHUKIB
1 JOTIOBHEHb 0 KOHTEWHEPIB, IO MarOTh (popMy mapaneneninena , Kyji, IpsMoro
KPYroBOTO IIWJIHApA, €JNCoila, OMyKJIOTO OararorpaHHUKa 1 JOBUILHOT OMYKIIOL
o06macTi, 0OMEXeHOT NUIIHAPUYHOK, EINTHIHOI, CHEPUIHOI0 MOBEPXHAMH ab0
TUTOTIIMHAMH.

Ng
Hexait Qg (uq) = U K (uq) , ne  Kj(uy) — omywkmil GaratorpaHHuK,
=1
3ajanuii BepmmHaMu Py = (Pyg p'yk, ph), k=1...,m;, e

Phk = Xq + (sin 9%1 cos 93 +COS 9(1q cos eg sin 93). 9 +
. nl A3 1 2 3 0 1cinn2y A0
+(=sin eq sin eq + COS eq cosS eq cos Gq)- Pyk +(—cos Oq SIn Gq)~ P2k
[ 1 3 winnl 2 cinn3 0
Pyk =Y q+(cos Oy cos By —sin B cos Oy sin 03) - Py +
1einn3 cinnl 2 3 0 .l a2y 0
+(—cos eq sin eq —-sin eq cOoS eq COS eq)- Pyk + (sin eq sin eq)- pzk’

pizk =24 +(sin 93 sin 63)- pf()k +(sin 93 cos 63)- pgk +(cos 93)- p?k,

pE = ( ka ) pgk ) p(z)k ) — KOOPAWHATH BEPIIMH HETPAHCIHOBAHOTO Ta HEMIOBEPTAHOTO

OararorpaHHuKa Qg :
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Teepmxenns 1. OyHKIIiS BUTISTY

0.0 kAt _ K, 0

® 0 (Ug, P)=min{®*** (ug, p),...® " (uq, p)} ()
€ TICEBJOHOPMAII30BaHO0 phi-PyHKITEIO A1 HEOMYKIIOTO OararorpanHuKa Qq(uqg)
100’ ekTa Q*, hi(S

- K. * ~ K *
O (ug, p) =" (ug, p)-p, ©)
i« (Ug, p) —HOpManiBoBaHa phi-dpyrkuist 1t 00'extiB K (Ug) 1 Q" (p),

Ci)KiQ (UQ’ p):mln{‘l’t(pf(, p)lt:ll"'l nQ’ kzl""’ mi}'

Burisia kosxuoi Gpynkiii Wi ( pf(, P) 3anexuTs Big hopMu KoHTElHEpa Q.

Y0 (g, P) 20 dist(Qq(ug), () = pg-

Teepoocenns 2. OyHKIIIS BUTISAY

Takum ynHoMm, ®

(i)’qg(uq,ug,uag):min{&b’ij(uq,ug,u}j), i=1..,ng j=L..,ng} (4)

€ TICEBIOHOPMATI30BAaHOI0 KBa3l phi-QpyHKIEO AJi1 HEOMYKIMX OararorpaHHHKIB
Qqug) 1 Qg (ug), me ugg =(Ujj,i=1....ng, j=1...,ng),

=, ) . K:P:: , K:.P:* .
Dfj (Ug, Ug, Ujj) =min{® " (ug, ujj), @ 1" (ug, ujj)}—-0.5p4g (5)

— mnceBJoHopManizoBaHa kBasi phi-pynkiist st 06’extiB Ki(Ug) = Qq(ug) 1
Kj(ug)CQg(ug),

KiPii : i . KiPi : i
@ T u)= min i (ph)i® 3T (Ug,uf)= min (—yii (p),
(Ug, ujj) 1ekem vij (Pk) (Ug, uj) 1§k£mj( Vij (Py))

Pij ={(x,y, Z):\l]ij(X, Y, Z)Zaij'X+Bij'y+Yij'Z+§ijZO},Pij*ZRg\int Pij’
o.=Sin eﬁ B=-sin eilj -coseﬁ-, y:coseilj -coseﬁ-, uij :(eilj,eﬁ-,aij).
Toni
T&Xq),qg(uq,ug,U,qg)ZOCI’diSt(Qq(Uq)’Qg(ug))zpqg,
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g (Ug, Ug, Ugg) 20=dist(Qq(Ug), Qg (Ug)) Zpgg-

[loOynoBaHo MaremaTMyHy MOJENb 0a30BOi 3aJadyl ONTUMAIbHOI YHAKOBKH
JTOBUIBHUX OaraTorpaHHWKIB B ONYKJIOMY KOHTeWHepl. Haemeno i1 ocHOBHI
BiIacTUBOCTL. [loOymoBaHO MareMaTuyHy MOJENb 3a/Jadi KIACTEPUHTY HEOIYKIINX
OararorpanHukiB. HaBeneno mpwukiaa moOymoBH MaTeMaTHYHOI MOJENL ISl Mapu
OaraTorpaHHUKIB.

Maremarnuny moaens 3agaqai OPP cdhopMymboBaHO Tak:

min  F(u), (6)
uewW cR®
W:{ueRG:CD'ij(uai,uaj,ugiaj)zo, @, j) ez, -
&)i(uai, p)>0,iel,, u(u)>0,35(u) >0},
me U=(c,7)eR®;
c=(p, U, Uy, ..., UN);
P — BEKTOp 3MIHHUX METPUYHHX XapaKTEPUCTUK KOHTeHepa (2 ;
Ug, = (vai 04, ) :(xai Ya;» Za; ,G;i ,eii , egi) — BEKTOp 3MIHHUX IapaMeTpiB

a; — KOMIIOHEHTa BekTopa a=(a4,...,8,), 8j €Iy, 1€ ly;

E={(, ]), g ¢aj,i< j=1...,n} — HICKCHa MHOXXWHA, III0 BKJIFOYAE IHICKCHU
nap 6aratorpaHHukiB KUy ) = Qq(ug) ta Kj (uaj )=Qq(ug);

1=, ...,u'™) — BexTOp KOAATKOBHX 3MiHHKX, M =card(E);

u's =(0%,0%, £°%) — BeKkTOp J0JATKOBHMX 3MIiHHUX KBa3i phi-pyHkuii BUrmsmy
(5), s=1,...,m;

o :‘ p‘ + 6N +3mM — yncno 3MIHHUX 3a7a4i;
Cf)li ju a; Ua; ugi a; ) — nceBAOHOpMAaIT30BaHa KBa3i phi-GyHkiis Burisiny (5) s
00’ €XTIB Ki(uai) i Kj(uaj) , 8j,a5ely, (i, ) eZ, uaiaj —u's, s=1....m;

@; (u a; P) — ncesgoHopManizoBana phi-gpyukuis Burnsay (3) mns 06’ exTiB
Ki(Uai) 1Q;

F(u) — gynkuis i, BUTIS AKOT 3a7I€KUTh Bl GOPMHU KOHTEHHEPA, HAIIPHUKIIAT
F@Uu)=I-w-h, axmo xoureiinep mae Gpopmy kyboima, F(U)=r, sxmo xoHreiinep
mae ¢popmy kym, F(U)=A, skmio koureiiHep Mae (GopMy elincoina, HUIHIPA,
OTYKJIOT0 OararorpaHHuKa, T0BUIbHOT OMYKIIOT 00JIaCTI;

u(u) 20 — cucrema ooMeskenns Oanancy (1);
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d(U)>0 — cucrtema 10JATKOBHUX OOMEKEHbB, IO MOXYTh OYTH HakKIaJeHI Ha
METPUYHI XapaKTEpUCTUKH KOHTeHHepa Ta [/abo Ha mapaMeTpw PO3MIlICHHS
OaraTorpaHHUKIB.

Maremartnuna Moaens (6) — (7) € HeomykIoH HEmepepBHOIO 3agaueto
HEMHIAHOTO MpOrpaMyBaHHs, IO BKIOYAE BC1 TVIO0ATHHO ONTUMAIbHI PO3B’S3KU
3anayl  OPP; oOnacTh JONMYCTUMHX PO3B’S3KIB (/) OMNHUCYETHCS CHUCTEMOIO
HEPIBHOCTEH 3 TTIAAKUMH (QYHKITISTMHU.

B uyvomy pozoini maxooic HasedeHo MmamemamuuHy MoOelb 3a0ayi
onmumanbHoco kiacmepuney (OPC), y BUIIIA 3a/1a41 HEMHIAHOTO MPOTpaMyBaHHS.

Y yeTBepTOMY PO3AiJIi pO3TIAIAETHCS CTpaTEris po3B’ s3anHs 3a1a4i OP P, ska
IPYHTYETHCS HA METOI1 MYJIbTUCTAPTY. 3aPONOHOBAHO METO/T TOOYTOBH JIOMTYCTUMHUX
cTtapToBUX TOYOK. HaBoauThes omuc merony aexkommosuiii POLYDEC gns momyky
JOKaTbHUX E€KTPEMYMIB, IO J03BoJisie 3BecTu 3amauy OPP, sika mae OIiHKY 4mcia

: . . : 2 : o .
nepiBHOCTeH i posmipmocti O(N°), g0 mocmimoBHOCTI mig3amad HETHIAHOTO
IpOTrpaMyBaHHs 3 OL[HKOK YKCJIa HEMMHIMHUX HepiBHOCTEM 1 po3miprocTi O(N) .

Cmpameeis po3s ‘szanns sadaqi OPP. Ctpareris po3B’ s3anns 3agadi (6) — (7)
BKJIIOYA€E B ceOE Taki eTarmu.

Eran 1. bynyemo MHOXHHY {go}X BEKTOPIB JOMYCTHMHUX MapaMeTpiB

PO3MILLEHHS (uf,ug,...,uﬁ) Gararorpannnkis Qg ,qe€Jy, pO3MilleHUX B

xonteitnepi Q°(p®) B 3amaui (6) — (7) 3 ypaxyBaHHAIM OOMEKEHHS OamaHCY
0,0
p(p~,u-)>0.
Eran 2. Illykaemo nokambHUi MiHIMYM 3aaadi (6) — (7), cTapTyro4u 3 KOXKHOT

TOYKH MHOXHHH {go}x , OTpUMaHoi Ha eTari 1.

Eran 3. BubupaeMo kpaiuii 31 3HailIeHUX Ha eTarl 2 JOKaJIbHUX MIHIMYMIB,
SIK JIOKaJIbHO ONTUMAIILHUI po3B’ 130K 3amadi (6) — (7).

Memoo nobyoosu donycmumux cmapmosux mo4ox. Jljist MouyKy JOMyCTUMUX
napaMmeTpiB poO3MIIIEHHS 0ararorpaHHUKIB MPOIMOHYETHCS METOJ, SIKHM BKIIIOYAE B
ce0e Takl KPOKH:

. . . 0 o
Kpok 1. Bubupaemo mocuth BeNMKi MOYaTKOBI po3Mipu P~ KOHTEHHEpa QO,
JUSL TOTO, 1100 3AIICHUTA PO3MIMICHHS Kylb Sy pajiyca [y, ONMCAHUX HABKOJIO

Heomykmx OararorpaHHukiB Qq, q € Jy, BCepeanHi KOHTEIHEepa o

Kpoxk 2. I'enepyemo MuokuHy N BHIagkoBo BUOpaHUX IIEHTPIB (Xg : yg : 28 )
KyJb BCEpEIMHI KOHTCHHEpa QP.

Kpoxk 3. Po3B’s13yeMo TOTIOMDKHY 337129y HENHIAHOTO TPOTpaMyBaHHS BUTTISI Y

max 3,
VEWB

=SS
Wg ={veRN*: o I(vg:Vg.B)20,g<gely,
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®°9 (vg,B)20,qe Iy, 1-B 0,80, u(v) >0},

1€ V= (X1, Y1, 23, XNo YN ZN0 B)S
@ (Vg Vg, B) — mceBroHOpManizoBana phi-QyHKIis /ULt 00'eKTiB Sy 1 Sy ;
Sq — Ky pagiyca Bry;

Sy — Kyt paziyca Bry;

- S,0" . . . . . x
® ™ (Vg B) — nceBroHOpManizoBaHa phi-pynkItis s 00'ekTiB SqiQ .
['moGampHuil  MakCUMyM [3* =1 TrapaHTye PO3MILICHHA HEOMyKJIMX

OaraTorpaHHUKIB BCEpeIuHI KOHTEWHepa 0l OTpuMyeEMO TOYKY TIJIOOATBLHOTO

* * * * * * * *
makcumymy V. =(Xq, Y1,Z1,.., XNs YNS ZNGB )
Kpox 4. ®opmyeMo BeKTOp JOMYCTUMHX TapaMeTpiB  PO3MIIICHHS

. 0 0 0 0 0,0 0 A0
OararorpaHHUKIB Up,...,Uq,...,Uy,  TIPHUIYCKAIOYH, IO uq:(xq,yq,zq,eq),

(Xg, yg, 28) = (Xa, ya, Z;), a 98 — BEKTOpP BHIIAJKOBO 3TCHEPOBAHUX KYTIB
MMOBOPOTY OararorpaHHUKIB Qq.dely- I'enepyemo BEKTOP

0 0,0 0 0
o :(p ,Ul,...,uq;---suN)'

Kpoxk 5. ®opmyeMO 10TTyCTUMY CTAPTOBY TOUKY ul = (go, TO) 3anaui (6) — (7).
JI1 oyKy BeKTopa 7! PO3B’A3y€EMO 3a/1a4y BUTTBIAY:

maX (01
'S '
(u”,a)eW,,

ac
’ ’ 4. 3 0 0 ’
Wy ={U®,0)eR*:®j (ug ,ug ,u®) ~a=0,5=1..., m},

aeRL S = (0%, 0%, £°), 3a QiKCOBaHMX NapaMeTpiB (ugi,ugj), v(i, )) e&.

Memoo POLYDEC. B 0CHOBI IIbOTO METOJY JISKHUTH ITEparliiHa mporenypa,
11est SIKO1 MoJIArae B TaKOMY: Ui JIOMyCTHUMOI cTapToBoi Touku 3agaui OPP s
KOXKHOTO OIIyKJIOro OaraTtorpaHHuka, 10 (OopMye HEONYKIMil OararorpaHHUK,
OyayeThCsl CUCTEMa IMIeCTH JIHIAHUX €-HEPIBHOCTEH, sIKa TapaHTye HAJICKHICTh
OMYKJIOTO OaraTorpaHHUKa HIUBIAyaTbHOMY KyOIYHOMY £-KOHTEHHEpY; Ha KOXKHIN
irepailii B 00J1aCTh JOMYCTUMHUX PO3B’SA3KIB Mi3a/1a4l HEMHIHHOTO MPOTpaMyBaHHs
BKJIIOYAETHCSI CHUCTEMa €-HEPIBHOCTEW [JIsI BCIX OIMYyKJIMX OaraTOrpaHHUKIB Ta
nceBAOHOpMani3oBaHi  kBa3i Phi-pyHKmii TUlbkM a8  TUX Mmap  OMYKIMX
OararorpaHHUKIB, 110 € «E-CYCimammy», 1 mceBgoHOpMaiizoBani Phi-¢yHkiii 11 Tux
ONMYKJIMX OararorpaHHUKIB, 4YWi IHAUBINYyaJlbHI KOHTEMHEPU TMEPETHHAIOTHCS 3
rpanuiero KoutehHepa. Takum umHOM, Ha K-ii irepaiii po3B’s3yerbcs Taka
mia3a1a4a HEJHIMHOTO MPOTpaMyBaHHS:
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min F(Uw, ) (8)
Uy €Wk cR®%k

Wi ={uy, = (5 7w, ) € ROk D (Ug; Uz ) 20, G j)e=X,

- ke
®;(Us . P)20,i€E5, 0% (uy)=0,i=1...n,
f(p*™P,e)20,n(uy, , p* )20}, 9)

~k . . . . .
Je Z{ — IHAEKCHAa MHO>KUHA, 10 MICTUTH 1HJIEKCHU map OararorpanHukis K;(u ai) 1

Q}‘Q'}

Kj(uaj),llnﬂ AKAX (v(k_l),vék__l))<0:> intQF ﬂintQ'} +D;
i

a;
Q%( i Qi} —IHAMBILyaNbHi £-KOHTelHepn Oaratorpanmukis K;(ug ) 1 K j(uaj),
aj,ajely, (i, j)eg;

Elé — IHIEKCHa MHOXXHHA, IO MICTUTH IHAEKCH OararorpaHHukiB K;(u ai) ,
: -~ 0oko* (k- : :
ajely, lel,, m1a  sKux CDQ'QS(VS_( 1))<O<:>|ntQ=(ﬂlntQ|;*¢®,
1

Qlé* -0 @ S(g), S(g) — xynsa paniyca €

ck:3(m—card(5l1< )) — uucno BupmaneHuX Ha K-if irepamii g0aTKOBHX
3MIHHAX Yy  BIINOBITHUX  TICEBIOHOpMami3oBaHWX  kBa3i  Phi-¢yHkiinx,

C—GOy :‘ p‘+6N +card(E'1‘), card(Ef) nopsaky (O(n));

f (p(k_l) ,€) >0 — 06MeKeHHs Ha po3Mipy KoHTeiinepa QF Ha K -if irepaui.
Touka nokanpHOTO MiHIMYMYy min3amadi (8) — (9) Ha ocrtaHHii iTeparrii
ONTUMBAIIHOT POLEAYPH € TOYKOIO JIOKATLHOTO MiHIMYMY 3amaui OPP.
[To3utusHicTs MeToy POLYDEC mnosnsirae B Tomy, 10 B OUIHIIIOCTI BUTIAIKIB
aHAIBYETHCA 3HAYHO MEHIIA KUIbKICTh Map OaraTorpaHHUKIB, HDK M, OCKUTBKH IS
KOKHOTO OararorpaHHHKa 3/1IMCHIOETHCS IEPEBIPKA TUIbKU MOTO « € -CYCITIBY.
Taxum ynHom, Meto 1 nekommnosuitii POLYDEC no3possie 3Bectu 3amauy (6) —

. . . o 2y - .. 2
(7) 3 Bemmkoro KimbkicTio HepiBHocTelr O(N“) i Bemukoro posmipuicTio O(N€)
00J1aCTi JOMYCTUMHX PO3B’SI3KIB BUMIAAY (7) 10 MOCHIIOBHOCTI Min3agad MEHIIO1
posmiprocti O(N) 3i 3HAYHO MEHIIMM YUCIIOM HeliHiHuX HepiBHOcTe O(N), e n

— YHCJIO OIMYKJIMX OaraTorpaHHUKIB, 10 (POPMYIOTh HEOIYKJI OaraTorpaHHUKY.

Ha pucynky 1 HaBemeHa uIrOCTpallisi iT€paTWBHOI MPOLEAYPH, IO pealizye
metoa POLYDEC, ninst po3B’si3anHs 3a/1a41 yIIAKOBKUA HEOMYKJIUX OaraTrorpaHHUKIB B
ATHAPL, 1€ u® BIATIOBIAAE CTAPTOBIA TOYII], u(l), u@ 1a u® _ noxamemo
onTUMaIbHUM po3B’si3kaM min3agad (8) — (9) ma mepmriii, npyrid Ta Tperii
irepauisix, u” =u® e Toukor NOKATLHOTO MiHIMYMY 3a1a4i (6) — (7).
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u®

u® u=u®
Pucynox 1 — Po3milieHHs: HEOMyKJIUX 0araToTpaHHUKIB B IAJIHPI, 10 BIIMIOBIIAE
MOCJIIOBHOCTI IOMYCTUMHUX TOYOK U (©) . u @ , u 2) U= u®

Y nm’aromy po3aiii  HaBOOATHCS — pe3yNbTaTd  OOUYUCIIOBATBHUX
CKCIIEPUMEHTIB, OTPMMaHUX B XOJ1 TECTyBaHHA pPO3pOOJEHHX 3aco0iB
MaTeMaTUYHOTO  MOJIETIOBAaHHS, MOOYJOBaHMX  MaTeMaTUYHUX  MOJIENeH,
3apoONOHOBAHMX METOJIB Ta AIrOPUTMIB PoO3B’sA3aHHA. [IpoBeAeHO MOpPIBHSAHHSA
pe3ynbTatiB po3B’a3aHHs 3aga4 OPP 3 xpammu OmyOiIiKOBaHUMH pPe3yJbTaTaMu
(benchmark instances). HaBeneno pe3ynbTaTd €KCIIEPMMEHTIB, IO MiITBEPKYIOThH
edextuBHICTh MeToy POLYDEC. Ha pucyHky 2 300pakeHe JOKaIbHO ONTUMAIbHE
PO3MIIIEHH OararorpaHHUKIB B MIHIMAJILHUX OXOIUIIOIOUMX O0JIaCTAX B 3ajayi
OPC. Excniepumentu npoBoumcs Ha komi'rorepi AMD Athlon 64 X2 5200+. s
pO3B’s3aHHSA 3a/ad HENMHIAHOTO MPOTpaMyBaHHS BHKOPHCTOBYEThCS O10Ji0TEKA
IPOPT, sixa 3HAXOAUTHCS Y BIAKPUTOMY JOCTYIIl HA HEKOMEPIUHHUX PEIO3UTOPIIX
nporpamHoro 3ade3neueHns (aus. https://projects.coin-or.org/Ipopt).

Wad P

Pucynox 2 — JlokambHO onTUMajIbHE PO3MIIIEHHS OaratorpanHukiB B 3aaadi OPC

Ha pucynky 3 300pakeHi NPUKIAAN JIOKATHPHO ONTUMAIbHUX YIIaKOBOK
0araTorpaHHUKIB B ONMYKJIMX KOHTeHHepax (y TOMy YMCIi y Kyli, IWTHAPI, Ky0oii,
eIICOI Al Ta ONMYKIOMY OaratorpanHuky) s 3aaa4di OPP.

llopisuanna pesyromamie pobomu 3 GIOOMUMU CEIMOBUMU AHATIO2AMU.
BukonaHo MOpIBHSHHSA pPE3yNbTATiB JAaHOTO JOCIHKCHHS Ta BIIOMHX aHAJIOTIB.


https://projects.coin-or.org/Ipopt
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OTpumano HalKpalie 3Ha4eHHA UTbOBOT (DYHKIII .

VY tabnmmi 1 HaBenmeHi pe3yiabTaTH MOPIBHSAHHS I NMPUKIAIIB, MOJAAHUX B
[1*¥]. Jlns xoxHOTO TPUKIAAY MiHIMaIbHUNA 00’ €M KOHTCWHepa, 3HalIeHUN
METOJIOM, III0 3alPOTIOHOBAHUKN B IIbOMY JOCJIIKCHHI, BUSBISETHCS MEHIIE, HDK
HalKpaumii po3B’ 130K, 3alpONOHOBaHUI B [ 1 *].

JIns KOKHOTO 3 TPUKIAAIB PO3TIBIAAIOTECS OaraTOTpaHHWKH, BHUXITHA
iH(pOpMAIlis 1010 TKUX HaBeeHa B poooTi [27*].

Pucynok 3 — JlokanbHO ONITUMalTbHI YITaKOBKH OararorpanHukiB B 3aaa4ui OPP

Tabmuus 1 — [TopiBHAHHS pe3yabTATIB I IPUKIAAIB, HaBeAeHUX B [1*]

00’em Yac nouryky 00’em UYac nomyky
Haiikpanm | Halikpaumw | 3HaiineHuii 3a | po3B’si3Ky 3a | 3HalineHui 3a PO3B’SI3KY 3a
3anaua i1 00’em 3 1 9ac 3 JOIIOM O OF0 JOIIOM O OF0 JOIIOM OT OF0 JOIIOM O OF0
[1*] [1*] FSPA*+ FSPA*+ [2*]**+ [2*]**+
POLYDEC POLYDEC POLYDEC POLYDEC
20 3 [27] 32550 26202.1 27432.64 34313.34 28106.64 5360.67
303 [2*] 48300 53741.5 41646.17 35289.34 40277.19 33008.89
40 3 [2*] 61950 99952.0 53158.88 201501.5 55988.46 195051.51
50 3 [2*] 77280 125210.6 68214.56 215144.55 61630.68 270654.84
36 3 [27] 12480 9637.5 10461.67 23023.12 - —

* — moIycTUMa CTapTOBA TOUKA, 3HaW IeHa 3a JoroMoroo FSPA;
** — JgomycTHMa CTapTOBa TOYKA, 3HAlJIeHa 3a JIOTMIOMOIOI0 alrOpUTMY,
3aMpOMOHOBAHOI0 B [2*].

[1*] Xiao Liu, Jia-min Liu, An-xi Cao, Zhuang-le Yao HAPE3D - a new constructive algorithm for the 3D irregular
packing problem // Frontiers of Information Technology & Electronic Engineering. 2015. Ne 16 (5). P. 380-390.

[2*] Stoyan Y.G., Gil N.I, Pankratov A. [et al.] Packing Non-Convex Polytopes into a Parallelepiped (Electronic
resource) /I Technische  Universitat  Dresden. 2004. Mode of access: http://www.math.tu-
dresden.de/~scheith/ ABSTRACTS/PREPRINTS/04-non-conv.pdf



http://www.math.tu-dresden.de/~scheith/ABSTRACTS/PREPRINTS/04-non-conv.pdf
http://www.math.tu-dresden.de/~scheith/ABSTRACTS/PREPRINTS/04-non-conv.pdf
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Posrnsmarotbcss  0OUHMCTIOBAIBHI
edextuBHICTh MeTo1y POLYDEC.

[IpoBeneHO MOpPIBHSHHS PE3YJbTATIB PO3B’S3aHHS PIBHUX 3a7a4 YIMaKOBKH
JIOBUIbHUX OaraTOrpaHHUKIB 3 3aCTOCYBAaHHAM Ta O€3 3acTOCYBaHHS METOAY
POLYDEC.

Pe3ynbTaty 1bOTO MOPIBHSAHHS HABEICHO y Ta0. 2.

CKCIICPUMCHTHU, IO HiI[TB CPIKYIOTh

Tabmuust 2 — Pe3ynbratu aHaniBy eQEeKTUBHOCTI METOJY JIEKOMITO3UILl
POLYDEC
Cepeniii sac Yucno 3MIHHUX Yucno HepiBHOCTEH
00YHCIICHB (C)
33,[[3‘13 I3 bes Iz bes Iz bes
34CTOCYBAaHHAM 34CTOCYBAaHHA 34CTOCYBAaHHAM 34CTOCYBAaHHA 3aCTOCYBaHHsM 3aCTOCYBaHHA
POLYDEC POLYDEC POLYDEC POLYDEC POLYDEC POLYDEC
N=10 283 1380 626 1791 3086 7934
N=20 4980.74 75026.31 1334 7471 8028 30916
N=30 35289.34 - 2817 17334 16047 69336

Ha pucynky 4 300paxeHi Jiarpamu, siki UTIOCTPYIOTh pe3yJbTaTh MOPIBHIHHS
HaBeIeH1, B TaOmuIl 2.

CepeaHil yac obumcneHsb (c) Yncno smiHHUX

80000 20000

60000 15000

40000 10000

20000 5000

N=10 N=20

N=10 N=20 N=30 N=30

m3 POLYDEC mbes POLYDEC H 3 POLYDEC mbe3 POLYDEC

Ynucno HepiBHOCTEM

80000

60000
40000
20000 I
, = W [l

N=10 N=20 N=30
W3 POLYDEC W Be3 POLYDEC
Pucynok 4 — Pe3ynbTatu MOPIBHSAHHS PO3B’ sI3aHHS PI3HUX 33/1a4 YITAaKOBKH

JOBUILHUX OaraTorpaHHUKIB 3 3aCTOCYBAHHSAM Ta 0€3 3aCTOCYBaHHS METOlY
POLYDEC
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Jlomatku aucepTarlii MICTATh: JOBIIKY MPO BHUKOPHCTAHHA MPOTPAMHOTO
MOJIYJISI OTITUMI3AIlil YITAKOBKH JOBUIbHUX HEOPIEHTOBAHUX OararorpaHHUKIB, JIACTA
niaTpumku Bin Giorgio Fasano — mpoBiZHOrO BYEHOrO Ta CHEIATICTa B Tamy3i
MaTeMAaTUYHOTO MOJIEJIOBaHHS Ta ONTUMI3Allli CUCTEM €BPOMNEHCHKOI KOMMaHil
«Thales Alenia Space», akT Ipo BIPOBaIKEHHS 3alIPOTIOHOBAHUX B pOOOTI 3aCO0IB,
Mojiesieii, MeToaiB Ta nporpamuux moaysei B IT kommnanii TOB «Cloud Works», akt
PO BIPOBA/DKCHHS B HaBYAILHUN IMPOIEC, OMUC iHTep(dericy 1 MOKIMBOCTEH
nocaigHuIbkoi mporpamu «Concave Demoy, TOYkH JTOKATbHUX €KCTPEMYMIB JIJIsI
MIPUKIIAAIB HABEACHUX Y pO3/imi 5.

BUCHOBKUA

VY nuceprarii po3B’s3aHO BOXIUBY HAYKOBY 3a/1ady ONTUMAIbHOI YIMaKOBKH
HEOMYKJIMX OaraTorpaHHUKIB HAa OCHOBlI OTPUMaHMX HOBHUX (PyHIaMEHTAIbHHUX,
TEOPETHYHO OOIPYHTOBAHMX PE3YJIHTATIB, BKIIIOYAIOYU CTBOPEHHS KOHCTPYKTHUBHUX
3ac00iB MaTeMaTUYHOTO MO/IEITIOBAHHS, MOOYI0BY HOBUX MaTeMaTUYHUX MOJIEIEH,
PO3pOOKY e(DeKTHBHUX METOIIB PO3B’ I3aHHS.

OCHOBHI HayKOBI pe3yJbTaTy JTUCEPTAIlii:

a) Ha0yB MOATBIIOr0 PO3BUTKY MeTo 1 Phi-pyHKIIii: Briepie mooymoBani phi-
GyHxyii, nces0oHopmanizosati  phi-gynkyii, k6asi  phi-pynkyii  ma
nces0oHopmManizosami keasi phi-gpynxyii IK 3ac00M MaTeMaTHIHOTO MO/ICIFOBAHHS
oomedcenv posmiwenns ans 3agadi OPP, mo 103Bojsie onmucaTtd B aHATITUIHOMY
BUIJISI/IL: HEMEPETUH JOBUILHUX OararorpaHHUKIB; BKJIIOUEHHS OararorpaHHUKIB B
OMYKJIMM  KOTEHHep; MIHIMAIbHO  JOMyCTHMI BIACTaHI MDK  JOBUIbHUMH
OararorpaHHMKaMM Ta MDK OaraTorpaHHHKaMH Ta TpaHUICI0 KOHTEHWHepa.
dopMaizoBaHO 0OMedicerHs Oaiaucy y BUTIISAI CUCTEMH HEMHIMHUX HEPIBHOCTEH 3
[JIAJIKUMU (PYHKITISIMU

0) Bmepie moOymoBaHa MaTeMaTndHa Mojenb 3anadi OPP y Burmsiai 3agadi
HEMHIMHOTO MpOorpaMyBaHHS (110 BKJIIOYAE BCI TJI0OATBHO ONTHUMAIBbHI PO3B’S3KH)
U1 HEONMYKJIMX OaraTOrpaHHUKIB B OIYKJIOMY KOHTEMHEpl, TpPaHULS SIKOTO
dbopmyeTbes 3a TOMOMOTOI0 C(HEPUUHUX, HWTHIPUIHHX, TNTUYHUX TOBEPXOHb Ta
IUIONIMHU 3 YpaxyBaHHSIM OOMEXEHb PO3MIIICHHS Ta OOMEXKEHb OalaHcy, IO
7103BOJIsI€ BUKOpHUCTOBYBaTH cydacHl NLP-coneepu;

B) BIieplle MOOyI0BaHa MaTeMaTUYHa MOJIENb 3aJ1aul KJIaCTEPIHTY HEOMYKIIUX
oararorpannukie (OPC — Optimal Polytopes Clustering) B cdepuuniii, ky0oinHii Ta
WIHAPUYHINA 00J1aCTSIX MIHIMAJIBHOTO 00’ €My, 110 103BOJISIE TeHEPYBATH e(peKTUBHI
JOTYCTUMI CTapTOB1 TOUKHU JIS TTOUIYKY JIOKAIBHUX eKCcTpeMyMiB 3ana4ui OPP;

r) HaOyJIM TI0IAJIBIIIOTO PO3BUTKY METO/IH PO3B’ I3aHHS 3371a4 FTEOMETPUUHOTO
MPOEKTYBAaHHS: 3allPOTIOHOBaHa CTparerist po3B’si3anHs 3anadi OPP Tta po3pobuieHi
epeKTHBHI METOIM i1 OCHOBHHX 1i peami3allid, sfKki Ha BIIMIHY BiI ICHYHOUHX
MIXOIB. BPaXOBYIOTh OJTHOYACHO HenepepeHi mpaHciayii Ta obepmanus 00’ €KTIB,
MIHIMAIbHO 0onycmumi 8I0CMani 1 oomedicents 6aiancy; N03BOJISIIOTh OTPUMYBATH
JIOKaJTbHO ONTHMAaJbHI po3B’sa3ku s 3anau OPP, mo € kpammmu 3a 3HaY€HHSM
IboBO1 QyHKI (mopiBHsAHO 3 benchmark instances — BimoMumu omy0JIIKOBaHUMHA
pe3yybTaTamu).



19

1) CTBOPEHO IpOorpaMHe 3a0e3rneueHHs 111 PO3B’ A3aHHSI OCHOBHUX P eali3arii
3agaul OPP;

€) CTBOPEHO IIPOTPaMHUN MOTYJIb JIJIsl pO3B’ sizanHs 3ana4l OPC.

€) BUKOHAHO TIOPIBHSHHS PE3Y/IbTaTiB YHCIOBHX EKCIIEPUMEHTIB Ta BITOMUX
CBITOBHX aHAJIOTIB, OTPMMAHO HaWKpalll 3HaYCHHS MUIbOBOI (YHKIN Mg yCiX, Ta
MOKPAIIIEHO Yac pO3B’sA3aHHS — JJjIsl 0araThb0X TECTOBHX MPUKIIA/IB. BUkoHaHO aHaTi3
epexTrBHOCTI MeToay nekommnosuui POLYDEC.

OTpumaHi HayKOB1 pe3yJbTaTu SBISAIOTh COOO0 MOJAIBIINI PO3BUTOK TEOPIL
MaTeMaTUYHOTO MOJICTIOBAHHS 1 OOYHCIIOBAIbHUX METOJ/IB B TEOMETPHUYHOMY
MPOEKTYBaHHI.
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AHOTALUA

Crosn HO.€. MarematuuHe MOJEIIOBAHHA Ta METOJIHM PO3B’A3aHHS
ONTUMBBALITHUX 3a/ay YNaKOBKM JOBUIbHMX OararorpaHHukiB. — KBamidikauiina
HayKOBa Mpalls Ha paBax PYKOIHUCY.

JucepTarniisi Ha 3700yTTS HayKOBOTO CTYNEHs KaHAWAara TEXHIYHUX HayK 3a
cruemanbHicTIO 01.05.02 — MaTeMaTHYHE MOJENIOBAHHS Ta OOYUCIIIOBAILHI METOIU. —
XapKIBChKMIl HalllOHAIbHUIN yHiBepcuTeT paaioenektpoHiku MOH VYkpainu, Xapkis,
2019.

B naucepranii posrisgaeTscs 3agada ONTHUMAJIbHOI YIAKOBKH JIOBUIBHHUX
OaraTorpaHHUKIB B OMYKJIOMY KOHTEHHEpi, TPaHUIld SIKOTO YTBOpPEHa C(hepUuHUMHU,
WIHAPUYHUMHY, eNINTUYHUMU TOBEPXHSAMU Ta IUIONMHAMH. baratorpanHuku
JOITyCKAlOTh HEMepepBHI 0OepTaHHS Ta TPaHCHAIL. BpaxoBylOThCS OOMEKEHHS Ha
MIHIMQJTbHO JOMYCTHMI BIICTaHI Ta OOMEXeHHs OamaHcy. 3ajadya Ha3WBAETHCS
3apaucro OPP (Optimal Polytopes Packing). Po6ota npucsiuena po3po0Oiii 3aco0iB
MaTeMaTUYHOTO Ta KOMII FOTEPHOTO MOJIETIOBAaHHA, MaTeMaTHUYHHUX MOJENeH Ta
MeTOIIB po3B’ si3anHs 3agaqi OPP.

Po3po06iieH1 KOHCTPYKTUBHI 3aCO0M MaTeMaTHIHOTO MO/ICIIOBAHHS O0OMEKEHb
po3mimenns 3agaui OPP y Burisnmi HoBuX KiaciB rmceBnoHopMmaizoBanux phi-
GyHKLI 719 MOJETIOBaHHS OOMEXEHb BKIIIOYEHHS JOBUIbHUX OaraTOrpaHHUKIB Y
JTOBUIBHUHN OMYKJIMH KOHTEHHEDP 3 ypaxyBaHHIM MIHIMAIBHO JOITYCTUMHUX BIICTAHEH 1
TICEBIOHOPMATI30BAaHKX KBa3i Phi-QyHKIIA /)11 MOIEITIOBaHHS 0OMEKEHb HETICPETUHY
JOBUIbHUX 0AaraTOrpaHHUKIB 3 YpaxXyBaHHAM MIHIMAJIbHO JIOIYCTUMUX BIICTAHEH.

[TobynoBano Ta MOCHIKEHO MaTeMaTudHy Mojenb 3anadi OPP, y Burmsmi
3a1a4i HETHIHHOTO HporpamMyBaHHs. 3ale)KHO Bif BUrIsAy (yHKil 1im (MeTpudHi
XapaKTEPUCTUKU KOHTEHHEPY M KoedillieHT romoTeTii), popmu KoHTeliHepa (psaMuii
KpYroBUl LWmHAp, KyOOin, Kyis, ONMyKJIMH OararorpaHHUK, JOBUIbHA OIMyKJa
o0JlacTh, €MICOi), PI3HUX KOMOIHAIH 00MeKeHb (MIHIMAIBHO JIOMYyCTHMI BIICTaHI
Ta 0OMEKCHHS OalaHCy) pO3TIITHYTO OCHOBHI peanizartii 3amaui OPP. 3anpomnoHoBaHo
cTparerito po3B’si3Ky 3agadi OPP, ska 3acHOBaHa Ha METOJIl MYJIbTUCTapTY.
Po3pobneno edexktuBHI MeTonu TOOYAOBH JOMYCTUMHUX CTaPTOBUX TOYOK  Ta
JIOKAJIbHOT ONTUMI3alli (METO] 1eKOMIO3uIlii) 3 BUKopucTaHHsIM cojiBepa [IPOPT s
MOIIYKY JIOKATbHUX €KCTPEMYMIB B ITi/13a/1a4ax HEMHIMHOTO MPOTpaMyBaHHSI.

3anpornoHOBaHl METOAW JO3BOJISIIOTh 3HAXOJIWTU JIOKATLHO ONTHUMAIbHI
po3B’si3ku 3amaui OPP, waiikpaniy 3a 3Ha4eHHSM IHUIbOBOi (DyHKIi (MOPIBHSHO 3
BIIOMUMHU OIyOJIIKOBAaHUMH peE3yJbTaTaMU) Ta BIEpIIEe OTPUMATH PO3B’SI3KU JJIS
JTOBUILHUX OMYKJIMX KOHTEHHEPIB.

OTpuMaHi pe3yJibTaTi BAKOPUCTOBYIOTHCS Y HABYAILHOMY Tpolieci. Pe3ymsraru
JAHOTO JIOCHKEHHS MOXYTb MaTh 3aCTOCYBaHHS, HaNpHKIAA, B aJUTUBHUX
TEXHOJIOTIIX, MAaTepialo3HABCTBl, JIOTICTULI, KOCMIMHOMY MAaIIMHOOY/IyBaHHI,
OPTOTICAMYHIN XIPYyPrii.

KawuoBi ciaoBa: ymakoBka, ONyKIl  KOHTEHHEpH, HEOPIEHTOBaHI
OaraTorpaHHUKH, JOMYCTUMI BiICTaHI, OOMEKeHHs OanaHcy, KBa3i phi-pyHKui,
MaTeMaTHYHE MOJIEIIOBAHHS, HETIHIMHA ONTUMI3aIs, METO I JEKOMITO3HIIII .
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Crosn HO. E. Maremarnueckoe€ MOJEIMPOBAHUE M METOJbI PEIIEHUS
ONTHUMM3ALUMOHHBIX 3a7a4 YNAKOBKM MPOU3BOJIbHBIX MHOTOTPAaHHUKOB. —
KBammdukannonnas HaydHass paboTa Ha MpaBaxX PyKOIIHCH.

JluccepTaiysi Ha COUCKaHWE YYEHOW CTEMEHU KaHAM1aTa TeXHUUYECKUX HAyK
1o cnequanbHoCTH 01.05.02 — MaTemaTueCcKO€ MOJENUPOBAHUE U BEIYUCIIUTEIILHBIE
METOJbl. — XapbKOBCKUN HAMOHAIBHBIA YHUBEPCUTET paauodnekrpoHukun MOH
VYxpaunsl, XapbkoB, 2019.

B nguccepranmm  paccmarpuBaercs  3ajada  ONTHUMAIbHOW  YIIAKOBKH
MIPOU3BOJIbHBIX MHOTOTPAHHUKOB B BBIIYKJIOM KOHTEHHEpE, T'paHula KOTOPOro
bopmupyercs cepuueckumu, UWIMHIPUYECKUMH, AIUTUIITUYECKUMHU
MOBEPXHOCTAMH M IUIOCKOCTSIMU. MHOTOTpaHHUKH JOMYCKAIOT HEMpPEphIBHBIC
BpAaIICHUS U TPAHCIISIIMU. Y UYUTHIBAIOTCS OTPAHUY €HUSI HA MUHUMAIBHO JOIYCTUMBIC
paccTOsiHUSL ¥ OrpaHuueHus OanaHca. 3amgadya HaswiBaercs 3amadeir OPP (Optimal
Polytopes Packing). Pa6oTa nocssiieHa pa3paboTke CPEICTB MareMaTH4ecKOro M
KOMITHIOTEPHOTO MOJCIMPOBAHUS, MATEMaTHIECKUX MOJEICH U METOJIOB PEIICHUS
3agauu OPP.

Pa3paboTaHbl KOHCTPYKTUBHBIE CPEACTBA MAaTEMAaTHUECKOTO MOJEIUPOBAHNUS
orpannueHuii  pasmemienus 3agaun  OPP B Buae HOBBIX  KJaccoB
IICEBAOHOPMAIM30BAaHHBIX  phi-PyHKOWMI 171  MOJIETMPOBAaHUS  OTpPaHWYCHUIN
BKJIFOUEHHUSI MPOU3BOJBHBIX MHOTOTPAHHUKOB B BBIMYKJIBIA KOHTEHHEP C y4ETOM
MUHUMAJILHO JIOMYCTUMBIX DPACCTOSHUM U TCEBJOHOPMAIM30BaHHBIX KBa3u pPhi-
byHKUME AJIT MOJIENMPOBAHMSI OTPAHMYCHUN HENEepeceyeHUs MPOU3BOJbHBIX
MHOTOTPAHHUKOB C Y4€TOM MUHUMAIBHO JOMYCTUMBIX PACCTOSHHM.

[loctpoena u wuccienmoBaHa Mmatemaruueckas mojenb 3amauu OPP B Bupe
3a/1a4yy HEIMHEWMHOTro mporpammupoBanusi. B 3aBucuMoctu oT BUa (GyHKIUH LIEIU
(MeTpHuUYecKHe XapakTepUCTUKHU KOHTeHHEepa Wi KOA(PPHUIIMEHT TOMOTETHH), (POpMBbI
KOHTeHHepa (MpSMOi KpyroBOH MUIUHAD, KyOOU I, Map, BRIMYKIIBII MHOTOTp aHHUK,
DIUIMIICOUZ, TPOU3BOJIbHAA BBINMyKJIAs 00JIACTh), Ppa3JUYHBIX KOMOMHAIUN
OTpaHWYEHUN (MUHUMAIBHO JIOMYCTUMbIE PACCTOSAHMS M OTpaHUYEHUs OasiaHca)
paccMaTrpeHbl OCHOBHBIE peanu3anuu 3aaaun OPP. [Ipeanosxena ctparerus pemeHu s
3amaun OPP, ocHOBaHHas Ha METOJ¢ MyJbTHCTapTa. Paspabotansl 3¢ deKkTrBHBIC
METO/Ibl TIOCTPOEHHUS AOMYCTUMBIX CTapTOBBIX TOUYEK U JIOKATbHOW ONTUMHU3ALNU
(MeTo1 AeKOMITO3UIIMHK ) ¢ McToJib3oBaHueM coiBepa [POPT njist moucka 1o KajibHBIX
HKCTPEMYMOB B 110/1331a49aX HETMHEWHOTO MTPOTPAMMHUPOBAHUS .

[IpennoskeHHbIE METOIbI MO3BOJISIIOT HAXOAWTh JIOKAILHO ONTUMAalIbHBIC
pemenus 3aaadu OPP, jnydiiye 1o 3Ha4eHUI0 1eIeBOM (PYHKIUHU (10 CPABHEHHIO C
W3BECTHBIMU OITyOJIMKOBAHHBIMU PE3YJIbTaTAMK) U BIIEPBBIE OJYUYHUTh PEIICHUS IS
IIPOU3BOJIbHBIX BBIITYKJIbIX KOHTEHHEPOB.

[losyueHHbie pe3ynbTaThl UCTIOJIB3YIOTCS B y4eOHOM mpoiiecce. Pe3yibTarsl
JAHHOTO HCCJEJOBAaHUS MOTYT HMMETh NPWIOKEHHs, HAlPpUMEpP, B aAAUTHUBHBIX
TEXHOJIOTUSIX, MaTepUAIOBEICHUH, JIOTUCTUKE, KOCMHMYECKOM MAIIMHOCTPOCHUH,
OPTONEANYECKON XUPYPTHUH.

PazpaboTanHbiii  mporpaMMHBIE ~ MOAYJAb  ONTUMH3AIMH  YIAKOBKH
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MPOMU3BOJILHBIX MHOTOTPAaHHUKOB HCTOJNb3yercss Ha Kadeape «lIpukmamgnoro
MaTepualoOBeIcHHsT W 00paboTKM MarepuasioBy» HalMoHaTRLHOTO YHHBEpCHUTETA
«JIbBOBCKasi TOJIMTEXHHWKA» [IJI1 PEIICHUs 3aJadyd ONTUMAJIbHOTO 3arOJIHEHUS
3aIaHHOTO 00beMa YacTUIIAMU Hec PepruecKkoi POpMBI.

[IpennoxenHbie B paboTe CpEACTBA, MOJICH, METOIBI M POTPAaMMHBIE MOTYJTH
ncnoib3ytorest B OO0 «Cloud Worksy st pemienus 3aa4 ONTUMHU3AIMH TP oliecca
3D-neuaru, kKoTOpoe UCTONBb3YyeT SLS TexHOOrHI0, a TakKe JJIid pelIieHus 3aad
ONTUMATILHOH YITAaKOBKH TPY30B B MPOU3BOJIHHBIX KOHTEHHEPAX B C(hepe JTOTUC THKH.

[lonydueHHbIC HaydHBIC PE3YAbTATHl SBISIOTCS MATLHEUITNM pPa3BUTHEM
TEOPUH MATEMaTHYECKOTO MOJICIMPOBAHUS ¥ BBIUYHCIUTEIBHBIX METOJIOB B
r€OMETPUYECKOM MPOCKTUPOBAHUH.

KiawueBble cji0Ba: yIakoBKa, BBIMYKIIbIE KOHTEHHEPHI, HEOPUESHTUPOBAHHBIC
MHOTOTPaHHUKH, JIOMYCTUMBIC PACCTOSHHS, OTrpaHWYeHUs OamaHca, KBa3u phi-
(GYHKIIMYA, MaTeMaTH4YeCKOe MOJCIMPOBAHWE, HENMWHEWHAs ONTHUMHU3AINSA, METO/I
JIEKOMITO3UIIUH.

ABSTRACT

Stoian Y.E. Mathematical modeling and methods for solving optimization
problems of arbitrary polytopes packing. — Qualifying scientific work on the
manuscript.

Thesis for a candidate degree in specialty 01.05.02 — mathematical modeling
and computational methods. — Kharkiv national university of radioelectronics of
Ministry of Education and Science of Ukraine, Kharkiv, 2019.

The thesis studies the problem of optimal packing of arbitrary polytopes into a
convex container that is formed by spherical, cylindrical, elliptical surfaces and
planes. The polytopes allow continuous rotations and translations. The given
minimum allowable distances as well as equilibrium constraints are taken into
account. The problem is called the optimal polytopes packing (OPP). The thesis is
devoted to the development of tools of mathematical and simulation modelling,
mathematical models and solution methods for OPP problem.

Constructive tools of mathematical modelling of placement constraints in OPP
problem are developed in the form of new classes of pseudonormalised phi-functions
for modelling containment of arbitrary polytopes within the arbitrary convex
container taking into account the given minimum allowable distances and
pseudonormalised quasi-phi-functions for modelling non-overlapping of arbitrary
polytopes taking into account given minimum allowable distances.

The mathematical model of OPP problem is constructed and investigated in the
form of non-linear programming problem. Basic realizations of OPP problem are
developed depending on the form of objective function (metric characteristics of the
container or homothetic coefficient), the form of the container (cylinder, cuboid,
sphere, convex polytope, ellipsoid, arbitrary convex domain), combinations of
constraints (minimum allowable distances and equilibrium constraints). The strategic
of solution of OPP problem, based on the multi-start method is proposed. The
efficient methods are developed for the construction of efficient starting points and
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local optimization (decomposition method), employing IPOPT solver for the search
for local extrema in non-linear programming subproblems.

Proposed methods allow to search for local-optimal solutions of OPP problem
with the best value of the objective function (in comparison with the known
published results) and first obtain the solutions for arbitrary convex containers.

The obtained results are used in the educational process. Results of this work
can have applications in additive technologies, material science, logistics, space
engineering, orthopedic surgery.

Keywords: packing, convex containers, non-oriented polytopes, allowable
distances, equilibrium constraints, quasi phi-functions, mathematical modeling,
nonlinear optimization, decomposition method.
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