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INPOU3BOAUTEJIBHOCTD I'PYHIIOBBIX OIIEPAIIMI
HA CKPYYEHHOMU KPUBOMU 3IBAPJICA HAJl ITPOCTBIM IIOJIEM

BBeaenue

OmunTuyeckue KpuBble B (opme DaBapaca Haja IPOCTBIM IOJEM SBISIOTCS Haubosiee
OBICTPBIMH ¥ TIEPCHEKTHBHBIMH ISl HCIOJB30BAaHUS B ACHMMETPUYHBIX KPUITOCHCTEMAX.
Baxnelimme ux NpeuMyILIecTBa: PEKOpAHAs IPOM3BOAUTENIBHOCTh, YHHBEPCAJIBHOCTh 3aKOHA
cioxkeHust U aduHHBIE KOOPAMHATHI HEUTPAJBHOTO 3JIEMEHTAa TPYIIblL. OTH CBOWCTBA OBUIM
oOHapy»KeHBI ¥ 000CHOBaHHBI B padote [1].

CuMMmeTpusi TOUEK KPUBBIX D/Bap/ca OTHOCHTEIBHO 00X KOOPIMHATHBIX OCEH BIIEYET 3a
co0oif MHTepecHble U yJN0OHBIE CBOMCTBa 3THX KpuBBIX. Mckimtouass Gecrione3Hble H30MOpQHbBIE
KPHBBIC, B KPUBBIX DJIBapJica JIOCTATOYHO HMCIOJIb30BaTh OAWH napameTp d BMECTO OOBIYHBIX JBYX
napaMeTpoB a u b kiaccuueckoil KpuBOM B KAHOHUYECKOIT (hopMme.

B paborte [2] aBTOpBI 0000MIMIN U PACIIMPIIIA KJIAacC KPUBBIX DABapjca BBEIACHHEM HOBOTO
napaMeTpa a ¥ CHITHEM OrPaHHYCHHUs Ha HEKBaIpaTU4YHOCTh mapamerpa d kpuBoi. OHHM Ha3Baiu
3TOT KJIACC CKPYYEHHBIMH KpUBBIMU DBap/ca. JlanpHelmuii mporpecc B U3y4€HUH HOBBIX CBOWCTB
3TOr0 Kjacca CKPYYEHHBIX KPUBBIX OBapjca MoiydeH B pabore [3], B KOTOpoW HalJeHBI
aJIbTepHATHBHBIE (DOPMYJIIBI ISl 3aKOHA CIOKEHHUSI TOYEK KPUBOMU, OMPEAETICHBI 0COObIe TOYKHU IS
3TOr0 3aKOHa W TPEAJIOKEH METOJ| pacueTa KOOPJMHAT CYMMbI TOYEK B PACHIMPEHHBIX
IIPOEKTHUBHBIX
KOOp/AMHATax. ABTOpaM yJaJlOChb CHU3UTh YHMCJIO OIEpaluil NpH CIOKEHHHM pPAa3HbIX TOYEK C
10M+2S5+2U 1o 9M+1U (M — oxHo ymMHOXEHHE B T10Jie, S —BO3BeIcHHE B KBaapar,U — yMHOKEHHE
Ha MapaMeTp KpUBOH).

B nanHO#l paGoTe naH KpUTHYECKUH aHalIW3 CBOMCTB CKPYYEHHBIX KPHUBBIX OjaBapjca M
IIPOU3BOJUTENIBHOCTH BBIYHCICHHS CKAJIIPHOIO IIPOM3BENEHUS TOYEK Ha TAKOW KPHUBOM.
Ob6cyxnaercs M 0OOCHOBBIBAETCS HEKOPPEKTHOCTh (OpPMYIUPOBKH TeopeMbl 3.2 [2] u
npeiaralorcss GopMynupoBKH, 0o0Xozsmue ocoOble TOUKHM KpUBBIX. Jloka3aHO, YTO BBEJICHHE
HOBOTO TapaMeTpa @ He pacliUpsieT KJIAacC KPUBBIX M HE J1aeT HOBBIX CBOWMCTB JAJisi KPHUBOU
OpnBapiaca, a JuIIb 3aMeUISIET BBIUMCIEHMS. Bmecte ¢ TeM, CHATHMEM OrpaHMYEHUs Ha
HEKBAJIPaTHYHOCTh mapamerpa d KpuBoW DaBapica MOXKHO BIBOE PACIIUPUTH KIIACC 3TUX KPUBBIX.
IIpu sToM HeT HEOOXOAMMOCTH B TEPMHMHE «CKpydeHHass KpuBas OxaBapaca». IlpuBeneHa
CpaBHUTEJbHAS OLEHKAa IPOU3BOJUTENLHOCTH BBIUMCICHHS CKAJIIPHOTO IPOU3BENEHUS TOYEK
KPUBBIX B popMe DiBap/ca U B KAHOHMUYECKOU (hopMe MPH BBHIOTHEHUHU ONEpaluii B MPOEKTUBHBIX
KoopauHaTtax [1], ¥ B pacHIMpeHHBIX MPOEKTUBHBIX KoopauHatax [3]. Mbl moka3biBaeMm, 4TO
IIOJIyYE€HHBIM aBTOpamH [3] BBIMTPBIII B BBIYMCIEHUU CyMMBI TOUEK IPAKTUUECKH KOMIIEHCUPYETCS
MIPOUTPHIIIEM MPH YABOCHUM TOYKH, B MTOre OOIIMN BBIUTPHINI O4Y€Hb He3HauuTeneH. CpemaHuii
MoKa3aTeb BBIMIPBINIA KPUBBIX DJBapjca MO CPaBHEHHIO C KPUBBIMH B KaHOHHUYECKOW (opme
MPUOJU3UTENHHO paBeH 1,5.

1.CkpyueHHble KpUBbIe JaBap/aca

B pabore [2] ckpydeHHBIC KpHBBIE BJIBagmca (twisted Edwards curves) ompeneneHsl Kak
0GoGLIeHre KpUBBIX DxBapaca x> + y° = 1 + dx?y? IyTeM BBOja HOBOTO [IaPaMeTpa a B ypaBHEHHE

Ee agiax’ +)° =1+ dx%y*, a #d, a,deF, ,d# 1, p# 2. (1)

Hapsiny ¢ BBOomOM mapaMeTpa a aBTOpBI CHSUIM OTpaHMYCHUs Ha Mapy mapaMeTrpoB a u d,
npeznonaras J000H W3 HUX KBAJPAaTUYHBIM BHIYETOM WIIM HEBbIUETOM. J[JIsi CKpyueHHON KpUBOU
(1) metitpanmpHblii dmeMeHT rpymmbl Touek O = (0,1) u Touka BTOporo mopsinka D = (0,—1) He
OTJIMYAIOTCS OT KpuBOi JnBapiaca. Ecmu oOparHyro Touke P = (X1,y1) TOYKY ONpENEIUTh Kak
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—P = (—X1,Y1), TO YHUBEPCAIbHBII 3aKOH CIOKEHHsI TOYCK KpuBoii (1) uMeeT BU

B ) ) B _ X4 Vo + Xaly YV Vo — QXX
(e, )+ () = ( ! o ) ()
1+dx, X0V Vo 1-dxy XeVyVa
Orcroma, B wactHoctH, P + (—P) = (0,1) = O. KpuBas DnBapjca sBISETCS YaCTHBIM ClydaeMm
ckpyueHHou kpuBoii (1) mpu a = 1. B pabote [1] nokazano (reopema 3.3), yTo 3aKOH CIOXKeHUs (2)
SIBJISIETCS TIOJTHBIM, T.€ MPH JIF0OOBIX BXO/IaX 3HaMeHaTeNu B (2)

1+dxxyy, #0, 1—dxx,yy, £0,

. d
eciu napamerp d ecTh KBaJpaTU4HbIA HEBBIYCT: f—] = —1

Wi A

Hzomopdusm Mexny kpuBbiMU B hopme MoHTroMepu
A+2 A

Emas: BP=U +AU +u, A=2° B=—— a=""d=

a—d a—

a+d

= A#{042}  (3)

U CKpPYYEHHbIMM KpuBbIMHM OnBapaca (1) ocHOBaH Ha 3aMeHE KOOpAMHAT C IOMOUIbIO
panMoHaNbHbIX (PyHKIMH
1+y u u u—-1

u = , = X=—, v= . 4
1—v X v - u+1 ()

B pabGore [2] nokaseiBacTcs Teopema 3.2: srobas ckpyuennas kpueas oeapoca (1)
oupayuonanvro skeusarenmua kpusou (3) 6 Gopme Mommeomepu. Ham npencraBisiercs
JI0Ka3aTeJIbCTBO ATOW TEOPEMBI B O0IIEM CITydac HEKOPPEKTHBIM.

B 3TOM pasjene Mbl aeM aHaJIM3 BCEBO3MOXHBIX YETHIPEX BHIOOPOB BHIYCT-HEBBIUCT JUIS Map
napameTpoB a u dkpuBoii (1) 1 000CHOBBIBaEM HEKOPPEKTHOCTh YTBEPIKACHUS TeopeMbl 3.2 [2].

1. Ilycts E] = 1, (E] = —1. Comacso (1) u (2) B aTom cnyuae Ha KpuBoil (1) umeercs

enuHcTBeHHas Touka D = (0,1) Broporo mopsaka u aBe ToukM 4-ro mopsaka +F = (£1/y/a, 0). B
COOTBETCTBHH ¢ (4) UM OTBedalOT TOUKH KpuBoit Montromepu (3) Dy = (0,0) m +Fy = (1, +/a).
D10 Hambonee NpO3pauHbli ciydail, mpu kotopom 3ameHoil (Xy) — (X/i/a, Y) nonyuaem

msomopdHyro kpusoii (1) kpuByro mapaca X° + Y2 = 1 + d'X?Y? | d'= d/a:(%] = —1. Dror

I/I3OMOp(1)I/I3M AC1acT OCCITOIC3HBIM BBCICHHC M30BITOYHOTO napamMeTpa a, JUlllb TOPMO3ALICTO
BBIYHCIICHHUA.

Wi s

a d v
Z.HYCTL f:] = —1, [:J = 1. 3I[eCL TAKIKC HET HCOKNIAHHOCTCHU, TAK KAK IMMapaMETPhI aund

npocto MeHsrTes Mectamu. C moMoiibio 3ameHsl (X,y) — (X/, 1/Y) MOXKHO MOMYYHUTh CKPYYCHHYIO

KPHUBYIO dX® + Y2 = 1 + aX®¥? wm, kak u B 1.1, nzoMopdHyo el KpuByro IaBapiaca
Ly =1+ (E] %252, Tak kak mepexon or mapamerpa d k obpamtenHomy mapamerpy d  maer

KpHUBYIO KpydeHus [1, 4, 7], nmapa kpuBbIX B I1.1 1 1.2 06pa3yeT napy KpuBbIX Kpy4EHHUSI.
3.Iycth ff] = -1, f%] = —1. Comacio (3) nmeem (Bad)® = (A+2)(A-2) u,
CJIEJIOBATEIIbHO, ﬁHCKpHMHHaﬁT KBaJIpaTHOTO YpaBHEHUs B InpaBoil yactu (3) (A2 — 4) sBnsercs

kBagparoM. Kybuueckoe ypasHenue U° + AU’ + U= 0 mmeer Tpu kopHs B onte Fp: {0, — (AtVA* — 4
)/2}, a xkpuBas MoHTromepu cojpepxut Tpu Touku 2-ro mopsiaka: Dy = (0,0), Dvos = (-
(Atv A —4 )/[2,0),
C xoopauHaramu V123 = 0. [IpeobpazoBanuem koopaunar (4) Touka Dy kpuBoii (3) mepexoaut B
touky D = (0,—1) kpuBoii (1), a nBe apyrue Touku Dy 3TpaHCHOPMHUPYIOTCS B BE TOYKH 2-TO
nopaaka ¢ Y-koopauHaramu (+VA® —4-A—2)/(xVA* —4-A+ 2)) u c geneHuem Ha 0 X-
koopauHaThl X = U/V. Tak kak npu y = 0 u3 (1) ciaeqyer ax’ =1, pEeLIeHHs 1711 X-KOOPAUHATHI HET U
TOYKH 4-TO MOpsJIKa JUIsl 3TOTO ClIydyasi He CYIIECTBYIOT. MITak, 3TOT ciydail XapakTepu3yeTcs AByMs
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0COOBIMM TOYKaMHU 2-TO TOpsAKAa (IBe TOYKM HAa OECKOHEYHOCTH) U OTCYTCTBHEM TOYEK 4-TO
MOpSJIKA.

4. Tlycthb (5] = 1, fi] = 1. Kak u B mpeapiayieM ciydae, JUCKPUMHHAHT ypaBHeHus (3)
W Wi A

(4> — 4) = (Bad)® sBisiercst KBagpaToM, M BHOBb HMEEM TPH TOYKH 2-TO TOPSAKA C TEMHU 3KE
KoopauHaTamu, uyTo U B 1.3. J[Be u3 HuX mpeoOpazoBaHueM (4) mepexoasT B 0coOble TOUYKH 2-TO
nopska KpuBoi JnBapaca. B ornmune or m.3 31ech MOSABISAIOTCSA TAKXKe TOYKU 4-TO MOpAIKa, B
4acTHOCTH TOukH +F = (+1/4/a, 0) xpuBoii (1). Kpome Toro, kpusas Montromeps (3) COnep uT 1Be
TOYKHU 4-TO TIOPSIKA C KOOPAMHATON U= —1, KOTOpbIe 0TOOpaxkeHueM (4) TOPOKIAIOT 0COOBIE TOUKH
kpuBoii DnBapjaca (1). JelcTBuTensHO, U3 ypaBHEHHUs KacarelbHOW K KpuBoH (3) B Touke 4-TO
nopsiaka Py = (U1, Vi), npoxozsimieid uepe3 Touky(0,0) 2-ro nopsaka, umeemM

dv _3ul4+Auy+1 1y
du "W 2By, 1y

Torna ¢ yuerom (3) momyuum i} = 1 = = * 1. OxmHa u3 map Todek 4-To MOpSAAKA HMEET
i A—

koopauHatel tFy = (-1, i\lgl (A—2) 'B). Kax cienyer u3 (4), 9T J1Be TOYKM KpHBOii MOHTTOMEpH ¢

KOOpAMHATOHN U;= —1 mpeoOpa3yroTcsi B 0coOble TOYKHU 4-ro mopsijika kpuBoii (1) C X-KoopArHATaMU
.

(iﬂugI (A—2)/B, n ¢ nenenneM Ha 0 y-xoopmunarel Y = (Up — 1)/(u1 + 1). B wurore B

paccMaTpuBaEMOM CITydae MOJYYHJIM YEThIpe 0COoOble TOYKHU (HAa OECKOHEYHOCTH): MO JBE TOUYKHU
2-ro 1 4-ro nopsiakoB. Kak u B 1.3, B 9TOM cilydae HapyIlIaeTcs MoJIHOTa 3aKoHa cioxkeHus (2) [1].
Tak kak rpymnmoBas omepauus (2) mias CKpydeHHOM KpuBod Opnsapaca (1) ompeneneHa B
KOHEYHOM 1o11e Fp, B koTopoM HeT aeneHus Ha 0, To Ui OECKOHEYHO YJaleHHbIX TOYeK 2-T0 U 4-T0
NopsAAKOB B ciydasx 1.3 u4 rpynmoBas omnepauusi He onpeneneHa. (CrenoBarenbHO, NpU
CYIIIECTBOBAHUHU TPYMIIBI TOUEK Eym A g Tpymma Touek Eg 54 B paccMaTprBaeMbIX caydasix B 1I€TIOM He
CYIIIECTBYET, a YTBEPXKJIEHUE TeopeMbl 3.2 [2] ciemayeT mpu3HATh HEKOPPEKTHBIM. Tak Kak dTa
TeopeMa CIIpaBeJINBa AJIs BCEX TOYEK B YCIOBHSX M.1 M 2 U TOKANbHO CIPaBeIUBA AT MOATPYIII
HEYETHBIX MOPSJIKOB B YCIOBUAX 1.3 U 4, Mbl npearaeM ee (OpMyIUPOBKY B CIEAYIOLUIUX ABYX
TeopeMax:
(rdird
)

Teopema 1. Ilpu ( ] = —1 mobas ckpyuennas kpusas Josapoca (1) usomopgna kpusoti (3)

£ )

8 popme Monmeomepu.

Teopema 2. [lpu (%\] = 1 mobas nooepynna ckpyuennou kpueou Joeapoca (1) neuemmnozo

nopsioxka usomopghua coomsemcmesyloujeti noozpynne kpueoti (3) ¢ popme Monmeomepu.

Wx noka3aTenbCTBO MOKHO IIPOBECTH aHAJIOTUYHO [2] ¢ y4eTOM OrpaHUYeHHH, UCKITIOYAIOIIUX
0co0ble TOYKH CKpY4YeHHOH kpuBoii DaBapaca (1), paccMoTpeHHbIe B ciyyasx 1.3 u 4.

OO0pamasice Kk puMepy KpuBoit Emgr @ V- = U” + 9u” + up = 17, npuBeneHHOMy B [2] ©
OTBEYAIOIIEMY comlacHO (3) ycnoBUsAM 1.3, TMOJIy4aeM YpaBHEHHE CKPYYEHHOM KpUBOHN
Ee ,11,7:1lx2 + y2 =1+ 7X2y2 (3mech mapametpbl @ = 11 u d = 7 sABISAIOTCS KBaJApPaTHUHBIMH
HeBblyeTaMu 1o moaynto 17). Kpusas MonTromepu V2 = u(u + 3)(u + 6) umeer mopsiok 20,
COJIEPKUT TPHU TOYKH 2-TO TOPSAKA U HE UMEET ToueK 4-10 nopsaka. OHa SBISETCS HEUUKINYECKOU
U IIPEJCTABISIETCS MPSAMON CYyMMOM LMKIMYECKUX noArpymni 2-ro u 10-ro nopsakos. SIcHo, 4TO OHA
COAEPKUT JIBE€ pa3IMyHble MOATPYIIBI IPOCTOro MOpsiiKa 5 (BCEro MMeeTcss BOCEMb TOYEK 5-TO U
BoceMb Todek 10-ro mopsakoB). Ecnu ypaBHenue Eg 17 7 3ammcars kak x*=(y*=1) /(7y*—=11), toun
YUCJIUTEIb, U 3HAMEHATENIb 00paIaroTcs B HOJb MPU COOTBETCTBEHHO Y™ = 1u y2 = 4. Oco0ObIe
TOYKH JIJIs1 KOOPAMHATHI X Bo3HUKatoT nipu y = 12, Cornacho (4) y = (U —1)/(u + 1), u 9Tu 3HaueHUS
OTBEYAIOT KOpHAM Upze {-3, —6} kyOumdeckoro ypaBHeHHS B Epmgi1 , T.€ 0COOBIM TOYKam 2-T0O
mopsimka Doz = (o0, £2). [l 3THX Touek omepanus (2) He ompeacsieHa W HENlb3sl MOCTPOUTH BCIO
rpymniy Todek Eg 117, HU Jake MOATPYIIBI TOYEK, BKIIOYAIOIINE 3TH 0coOble Touku. Bmecte ¢ TeM,
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3aKOH clokeHHs (2) Oymer paboTraTh Ui MOATPYII, HE BKIIOYAIOMIMX 0coOble Touku. Hampumep,
npumem P = (1,8), torma 2P = (-5,3), 4P = (6, —4), 8P = (5,3). Tak xak 8P = 2P, 0 I0P=0 u
OrdP = 10. Ho B moarpymmy <P> Bxomut ocobasi Touka 2-ro nopsaka SP = 4P + P = (o, 2),
onepauusi ¢ KOTopoi He ompezaeneHa. OpHaKo, NMPHUHIB I'€HEPATOPOM MOArPYIIBl 5-T0 MOpsIKa
touky G = 2P, MoxHO B moarpymnme Todek <G>, He BKIIIOYAIOLIeH 0COOBIX TOYEK, MOJIb30BAThCS
IpyNnoBoi omepamueit (2). ITOT e BBIBOA CIpaBEMJIUB I ciiydas 1. 4 I BCEX IMOATPYI,
MOPSIOK KOTOPBIX HEe KpareH 2 ¥ 4. MoXHO yTBEp)KIarh, YTO TaKuWe MOATPYMIBI Ui KPUBBIX
MoHTromepu u CKpy4eHHOH KpuBOil DiBapzca n3oMopdHbI pH JirodoM BbiOOpe maper a u d, a#d.

Kak BuauM, C KOHCTPYKTHBHOMW TOUYKM 3pEHHS HENb3d HUCKIIOYaTh IPUMEHEHUE B
Kpunrorpaduu, B KOTOpOH UCHONB3ytOTCA noArpynnsl <G> npocroro nopsijaka N, iro0ble BEIOOPHI
BBIYCT-HEBBIYET ISl Mapbl mapameTrpoB a ¥ 0. DTO BABOE PaCIIMPSET MHOXECTBO BCEX KPHUBBIX
DnBapca.

3ameTuM, U4TO BBEJCHUE HOBOTO IMapaMeTpa a B OIpe/elieHue CKpYYeHHOU KpUBOM DaBapiaca
IPAKTUYECKH HE J1aeT HOBBIX IOJIE3HBIX CBOWCTB M HE PACHIMPSET MHOXKECTBO KPHUBBIX DJBap/ca,
Tak Kak »dTH KpuBble wu30MOpdHBL. boiee TOro, B TPYNIOBOW ONEpaludl MOSBISAETCS
JIONOJIHUTENbHASL ONepalysi YMHOKEHUSI Ha @, YTO JIMILIb 3aMeAiisieT BeluMcieHus. Pacmmpenue
BJIBOE MHO)KECTBA BCEX NPUEMIIEMbIX KpUBBIX OnBapjica (¢ = 1) MOXXHO OCYIIECTBUTH CHSTHEM
orpaHuucHus ¢ napamerpa 0 Kak KBaJpaTH4YHOTO HEBBIUETA, HO C KOPPEKTHOU apu()METHUKOW HpH
yeTHbIX O jumb B moarpynmax<G> TOo4eK HEYeTHBIX MopsakoB. [lamee oOCyIuM BO3MOXHOCTB
MOBBIIIEHUS IPOU3BOAUTEILHOCTH TPYIIIOBOM ONepanyy.

2.1Ipou3BOAUTEILHOCTH TPYNIIOBOI ONepalMi HA CKPY4YeHHOH KPUBO# JaBapaca

ABTOpHI [3], U3bICKMBasi BO3MOYKHOCTH YCKOPEHMsI TPYIIOBBIX OIEpalMidi Ha CKPYYEHHBIX
KPUBBIX J/IBap/ica, HAllUIM UHTEPECHBIA pe3epB s PEIICHU 3TOM 3aauu. Beipa3us napamerTpsl a
u 0 yepe3 KOOPIMHATHI CKJIAJBIBAEMBIX TOUYCK, OHU IMOJYYMIH AJbTePHATUBHBIC (DOPMYIBI LIS
3aKOHOB CJIOXKEHMSI, B YACTHOCTH

. . . . Xyt Xzl XyVy—XalVa ) - .
(g, 310 + (2,020 = ( , ) = (X3,)3)- ()

Vy Ve + @XqXe XiVa— Xy

XoTss MoaupHUUUPOBaHHBIM 3akoH (5) yxe B oO0meM ciiyyae He SBISETCS IOJHBIM
(cymiecTBYIOT 0coOble TOukM, oOparmiaroniue 3HameHatenu B (), I TOYEK HEUETHOTO MOpsIKa
0COOBIX TOUEK HeT U opmyna (5) BoaHe KOHCTpYKTUBHA. OOCYIUM 3TOT BOIPOC B pazf. 3.

BBoas pacmmpenHsle npoekTuBHbIe koopanHaTsl (X:Y:T:Z), aBropam [3] yaaock COKpaTUTb
YHCIIO MOJIEBBIX OMEPAIMil MPH CIOKEHHH IBYX pasHbIX Touek g0 IM + 1U (M — ymHOXeHHE B
nmone, S — Bo3BeAeHHME B KBajapar,U — yMHOXEHHWE Ha MapaMeTp KpPUBOW) B CpaBHEHHH CO
cnoxkHocTeio 10M + 1S +2U npu peanuzanuu ciaoxenus no gopmyne (2) [1]. Pacemorpum nx
METO]I.

[Tpu Z # 0 3amaguM YeTbpexMepHble MpoeKTUBHbIE KoopanHarhl (X:Y:T:Z) moacTaHoBKOH B
B)x=X/Z,y=YIZ, t=xylZ, T = XY/Z. Torna

X T Z 42, T,)
5 — 189 7Ly Iy

Z. (m¥hteX Ay

Otcrona
Xy = (XY, - VX)) (T2, + Z,T,),
Y, = (LY, +aX X,)((T,Z, - Z,T), (6)
Ty=(TyZ, + Z,T)((TyZ; — Z,T,),

Iy = (MY, +aX X)) (X, Y, — 1 X5).

HyCTLA=X1X2,B=Y1Y2,C:lez,D:Zj_Tz,E:C+D,F:C—D,
G=B+aA,H=(X1—Y1)(X2+Y2)—A+B:>
X3:EH, Y3:GF, T3:EF, ZgZGH.

Mu1 BHUJIHUM, 4YTO CJIOXKXHOCTH rpynHOBOﬁ orncpanrun CJIOXCHUA PA3HbIX TOYCK COCTABJIACT
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Vep =9M + 1U. Ecau napametp a = £ 1 niam mai, cioXkHOCTh orieHuBaeTcs kak IM. Ilpu ynBoenun
TOYKU KpUBOM DnBapjca B TPEXMEPHBIX MPOCKTHBHBIX KOOPAMHATAX CIOXKHOCTh MHUHUMAJbHA U
cocraBisgeT Wegp = 3M + 4S + 1U[1]. B paGore [3] B paciinpeHHBIX MPOEKTUBHBIX KOOPAMHATAX
CJIIOKHOCTH YIBOCHHMsI Bo3pacTaeT Ha oaHy onepanuio Wep = 4M + 4S + 1U.

O1eHUM BBIMTPBIII B MPOW3BOIUTEILHOCTH TIPH BBIYUCIICHUU CKAJIIPHOTO MPOU3BEICHUS Ha
CKpYYEHHOM KpUBOM DnBapica B pacHIMPEHHBIX MPOEKTUBHBIX KOOPAWHATAX MO CPaBHEHUIO C
AQHAJIOTUYHOM IPOLEAYPOH Ha KAHOHUYECKON KPUBOM B IIPOCKTUBHBIX KOOPAUHATAX.

Pacuer uyucia omnepauuii npu BBIYUCICHUM CYMMBbl TOYEK KAHOHMYECKOM KpHUBOW £ naer
cnoxkHocTh Ve= 12M + 2S. AHanormyHblii pacdeT Ui yIBOCHHS TOYEK HMPUBOIUT K PE3YJIbTaTy
Weg=7M +5S [6] .

[TpuHUMast BBIYUCIUTENBHYIO CIIOKHOCTh BO3BeneHHs B kBaapar 1S = 0.67M, a ymHOXeHus
Ha napametp kpuor 1U = 0.5M, mony4uM OLIEHKH CIIOKHOCTH CIIOKEHUS W YIBOCHHS Ha KPUBOU
Oneapaca Vep= 9.5M, Wep= 4M + 4S + 1U= 7.17M. YaBoeHue, Kak BUIAUM, 3HAYUTEIHLHO OBICTpEe
cnoxeHus. [ KaHOHWYECKOM arumunTHaeckor kpuoit umeeM Ve= 13.33M, We= 10.35M.

[Ipy BBIYUCIICHWU CKaIspHOTO TMpousBeneHuss rQ toukm Q dwmciao I TpeicTaBiseTcs B
nBouyHOM (Qopme, TOorma paboTaeT aNropuTM MOCIEAOBAaTENBHOTO CIOXKCHHS-YIBOCHHS, a
MPUBEICHHBIA Pe3ylbTar Ui Y CIpaBeIIuB Npu paBHOBeposATHBIX 0 m 1 B uwmcne r. Ilycts
V — OTHOCHUTEIIbHAsl 4acToTa 3HAKOB 1 B ABOMYHOM mocienoBareabHOCTH I, Torna B oOuieit gpopme
BBIUTPBIIIT

I'J(rE + vl E

Y= (7)

Wgp+ VVgp |

B cpennem npu paBHOBeposTHbIX 0 u 1 B aBomuHOM 3ammcu uucia r(v— 0.5) momydaem
cpenHee 3HadeHue Bwiurpbima ¥ = 1.426. Ecau ucnonb3oBarh KpHBbIE DnBapjca ¢ MapamMeTpoM
a=11, 10Vep= 9IM, Wep= 6.67M 1 cpeiHHIA BEIUTPHINT TOCTUTAET 3HaueHus ¥ = 1.521.

B pab6ore [5] Obl1a mpoBeeHa CpaBHUTEIbHAS OLIEHKA ObICTPOJEHCTBUS ONepaluii Ha KpUBOU
OnBapaca (a = 1) ¢ pesynbraramu, NoidydeHHbIMH B [1] Ha ocHOBe 3akoHa cioxkeHus (2) B
NPOCKTUBHBIX KoopauHatax (X:Y:Z), u KaHOHHYECKOW KpuBOi. B [1] CIIOKHOCTH CIIOKEHUST TOUEK
Vep= 10M + 1S+1U=11.17M Heckonbko BbIIIE, 4eM B [3], 3aTO CIOXKHOCTb YABOCHUS TOYEK
Wep= 3M + 4S = 5.67M MeHbllle Ha OIHY omnepaluio yMHOXeHus. B urore no ¢popmyne (7) npu
a =1 nony4yaem cpenHee 3HaUeHUE BhIUTphImia ¥= 1.51.

Wtak, ucnoab30BaHue 3aKOHA CIOXKEHUsA (5) U pacUIMpeHHBIX MPOEKTUBHBIX KOOPIMHAT JaeT
BeChbMa HE3HAYUTEIBHBIH MPHUPOCT MPOU3BOIUTEIHFHOCTH BBIYMCIIEHUI Ha KPUBOW DjaBapica Mo
CPAaBHEHMIO C MOJHBIM YHUBEPCaJIbHBIM 3aKOHOM ciloxkeHus (2). Bmecte ¢ Tem, Mo cpaBHEHUIO ¢
KaHOHMYECKUMH KpPUBBIMH 00€ apu(METUKU Jal0T IPUPOCT OBICTPONEHCTBUS MPUOIUZUTEIBHO B
1,5 paza.

Ecnu ucnonp30BaTh BMECTO TBOMYHOTO MpeacTaBieHus yncia K npoussenenus KP Tpoudnoe
NAF(K) kie {0,1,—1}[6], To MO’)KHO CHH3UTh CPEIHEE YHCIO HEHYJCBBIX KOMIIOHEHT B uuciie K 110
1/3. Tlo popmyne (7) mpu V= 1/3 310 gacT MaKCUMaJIbHOE 3HAYEHUE CpeHEro BeMTphima ¥= 1.531.

3.0co0b1e TOUKH MOTU(PUIMPOBAHHOTO 3aKOHA CJI0KEHUS

W3 dopmyner (5) ans y-KOOpAMHATHI BUIAHO, YTO TPH YIBOCHWU TOYKM 3HAMEHATEIh
obpamraercs B 0. IToaToMy NpH yABOEHHM TOYKM CIIEAYET MOJIb30BaThesi 3akoHOM (2). Ho u mpu
CIIO)KEHMU pa3HbIX TOYEK BO3HUKAIOT 0coOble Mapbl TOYEK, OOpalaroniye 3HaMeHaTeIn
X-KOOPJMHATHI U Y-KOOPAUHATHI B HOMb. B [3] moka3aHa Teopema:

Teopema 3. Ilycth umMeeM ckpydeHHYIO KpuByro OaBapaca Egaqg (1). dns dbukcupoBaHHOM
TOYKH KpuBOM P = (X1, Y1) HaiimeTcst Takas Touka Q = (Xo, Y2), UIsl KOTOPOW:

1) y1y» + ax;Xp = 0 Torma u TOIBKO TOraa, korma QeSy, rae

So={(Z —xv@), (-2, @), (- E), (=2, )y
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2) X1y2 — Y1X2 = 0 Toraa u TonbKO TOTNA, Korna QeSy, rne

Sy ={lxy.yy), (=, =1 ), (_1E 'z . ]J ( ._1- ’ _1—.]}-

.d..-_".LT:.-' wWaWGE X aWE S

o o fa d
PaCCMOTpHM Haubolee pacnpoCTpaHCHHbIU CIIydan f—] = 1, (—] = —1. Tor;[a B KaXI0M U3
P 5 ¥

W

MHOXECTB Sy,Sy 0CTaeTCs MO JIBE HEPBBIX TOUKH. VX KOOPAMHATHI Ui MHOKECTBA Sy ONPENEIIOTCS
1

kak Q = P+F , rne £F= (+—, 0) — Touku 4-ro nopsaka. Torna 31ech BOSHUKAECT OCOOCHHOCTD MIPU
Ja

Q + P = 2P£F. KoopauHatrhl Todek Jjisi MHOXKECTBa Sy onpenensitores kak Q = Pu Q = P + D, e
D= (0, 1) —touka 2-ro mopsaka. 3aech OCOOEHHOCTh Bo3HHMKaeT mpu Q + P = 2P u mpwm
Q + P =2P + D. Mbl BuauM, 9T0 BCE OCOOBIC CIydad MOPOXKIAIOTCS YABOCHHEM TOYKH P ¢
BO3MOXKHBIM CYMMHPOBAHHEM C HUM TOUEK 4-TO WU 2-TO MOPSIIKOB.

Ecnu P — touka HedetHOro mopsijika N, to Ord(2P) = n, tak kak n2P = O. OTcroza cienyer,
uyro Ord(2P+F) = 4n u Ord(2P+ D) = 2n. [IpyriuMu clioBaMH, OCOOCHHOCTH B PacCMaTpHUBAEMOM
cllydyae MOTYT BO3HHKATh JIMIIb NPU CIOKEHUH PA3HBIX TOYEK YETHBIX MOPSAKOB (MBI UCKIIIOYaEM
ynBoenue i 3akoHa (5)). Ilpu BBIYMCIEHHH CKalsApHOro mpousBeneHuss KP mpu GobImx
3HaYCHUAX K 11s1 Kax ol TOYKu P GONBIIOro MopsiKa (BO3MOXKHO YETHOTO) MOXET CYyIIECTBOBATh
Bcero Tpu Touku Q Takux, 4ro cymma Q + P He ompeneneHa, a BEpOATHOCTh TaKOrO COOBITHSA
HUYTOXKHA. B Kpunrtocucreme ¢ reHeparopoM G mpocToro mopsiaka NCyMMHPOBaHHE JHOOBIX
pasHbIX ToYek U3 rpynmbl <G> ¢ nomotibio hopMyibl (5) ocoOeHHOCTEH HE MOPOoXkKAaeT. ITO BCerna
CIIPaBEIMBO IS BCEX TOYEK HeueTHOro nopsijika (cM. Teopema 2).

B 3akirouenue 3amMeTuM, u4TO O0OOIIEHHME KPUBBIX DJBapica € MOMOIIbIO CKPYYEHHBIX
KPUBBIX DJBapAca MOXXHO CYMTaTh KOHCTPYKTUBHBIM JIMIIb B IUIAHE CHSTHS OTPAHUYCHUS C
napamerpa 0 (OH MOXKET OBITh KBaJPaTHYHBIM BBIYETOM M HEBBIYCTOM), a MapameTp @ SBJISCTCS
M30BITOUHBIM (B CHITy M30MOp(dH3Ma) U UMb 3aMeIJIseT BhIunciIeHus.. MoauduuupoBaHHbINA 3aKOH
cliokeHHs (5) ToJe3eH MpH CIOKEHUH Pa3HbIX TOYEK HEYETHOro MOpsJKa U JaeT OYEHb
HE3HAYUTETbHBI BBIUTPHIII B OBICTPOJACHCTBUU TIPU pacyeTe CKAISIPHOTO mpousBeneHus. llo
CPAaBHEHHMIO C KAaHOHHYECKOM (OpPMOI SIUIMITHUYECKOW KpUBOM ObICTpopeHCTBHE olepauuil Ha
KpUBO# DnBap/ica Bo3pacTaer npuOiIu3uTensHo B 1,5 pasa.
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